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Ⱥɧɨɬɚɰɿɹ  ɪɨɡɝɥɹɧɭɬɿ  ɪɿɡɧɨɜɢɞɢ  ɤɨɪɨɡɿɣɧɢɯ  ɩɪɨɰɟɫɿɜ  ɩɪɢ  ɜɩɥɢɜɿ  ɧɚ 

ɰɟɦɟɧɬɧɿ  ɛɟɬɨɧɢ  ɞɨɪɨɠɧɶɨɝɨ  ɨɞɹɝɭ  ɬɚ  ɩɨɤɪɢɬɬɿɜ  ɚɟɪɨɞɪɨɦɿɜ  ɪɿɡɧɨɦɚɧɿɬɧɢɯ 
ɚɝɪɟɫɢɜɧɢɯ  ɫɟɪɟɞɨɜɢɳ  ɭ  ɦɟɠɚɯ  ɤɥɚɫɢɮɿɤɚɰɿʀ  ɡɚ  ȼ Ɇ  Ɇɨɫɤɜɿɧɢɦ  ɣ  ɨɩɢɫɚɧɿ  ʀɯ 
ɜɿɞɦɿɧɧɿ  ɨɡɧɚɤɢ   ɍ  ɪɨɛɨɬɿ  ɡɚɡɧɚɱɟɧɨ   ɳɨ  ɪɭɣɧɭɜɚɧɧɹ  ɰɟɦɟɧɬɧɢɯ  ɛɟɬɨɧɿɜ 
ɜɢɡɧɚɱɚɸɬɶɫɹ  ɩɪɨɰɟɫɚɦɢ  ɦɚɫɨɩɟɪɟɧɨɫɭ  ɬɚ  ɯɿɦɿɱɧɢɯ  ɪɟɚɤɰɿʀ   ɇɚ  ɨɫɧɨɜɿ  ɰɶɨɝɨ 
ɞɚɽɬɶɫɹ ɨɛɝɪɭɧɬɭɜɚɧɧɹ  ɭɡɚɝɚɥɶɧɟɧɨɝɨ  ɦɟɬɨɞɨɥɨɝɿɱɧɨɝɨ  ɩɿɞɯɨɞɭ  ɳɨɞɨ 
ɦɨɞɟɥɸɜɚɧɧɹ  ɩɪɨɰɟɫɿɜ  ɦɚɫɨɩɟɪɟɧɨɫɭ  ɩɪɢ  ɪɿɞɢɧɧɿɣ  ɤɨɪɨɡɿʀ  ɛɭɞɿɜɟɥɶɧɢɯ 
ɦɚɬɟɪɿɚɥɿɜ   Ⱦɥɹ  ɤɨɪɨɡɿɣ  I ɬɚ  II ɜɢɞɿɜ  ɨɬɪɢɦɚɧɿ  ɚɧɚɥɿɬɢɱɧɿ  ɪɨɡɜ¶ɹɡɤɢ  ɡɚ 
ɤɨɧɤɪɟɬɧɢɯ ɩɨɱɚɬɤɨɜɢɯ ɬɚ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜ ɡɚɞɚɱɿ  

Ʉɥɸɱɨɜɿ  ɫɥɨɜɚ  ɰɟɦɟɧɬ   ɛɟɬɨɧ   ɤɨɪɨɡɿɹ   ɦɚɫɨ  ɩɟɪɟɧɨɫ   ɞɨɪɨɠɧɿɣ  ɨɞɹɝ  
ɩɨɤɪɢɬɬɹ ɚɟɪɨɞɪɨɦɿɜ  ɦɨɞɟɥɸɜɚɧɧɹ  ɚɧɚɥɿɬɢɱɧɿ ɪɨɡɜ¶ɹɡɤɢ   
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ɉɨɫɬɚɧɨɜɤɚ  ɩɪɨɛɥɟɦɢ  ɿ ɚɧɚɥɿɡ  ɨɫɬɚɧɧɿɯ  ɩɭɛɥɿɤɚɰɿɣ  ɩɨ  ɬɟɦɿ 
ɞɨɫɥɿɞɠɟɧɧɹ   

ɍ  ɫɭɱɚɫɧɢɯ  ɭɦɨɜɚɯ  ɟɤɫɩɥɭɚɬɚɰɿʀ  ɛɭɞɿɜɟɥɶɧɿ  ɦɚɬɟɪɿɚɥɢ   ɹɤɿ 
ɜɢɤɨɪɢɫɬɨɜɭɸɬɶɫɹ  ɞɥɹ  ɫɬɜɨɪɟɧɧɹ  ɞɨɪɨɠɧɶɨɝɨ  ɨɞɹɝɭ  ɚɛɨ  ɩɨɤɪɢɬɬɹ  ɚɟɪɨɞɪɨɦɿɜ  
ɡɧɚɯɨɞɹɬɶɫɹ  ɩɿɞ  ɜɩɥɢɜɨɦ  ɪɿɡɧɨɦɚɧɿɬɧɢɯ  ɚɝɪɟɫɢɜɧɢɯ  ɫɟɪɟɞɨɜɢɳ   ɹɤɿ  ɡ  ɩɥɢɧɨɦ 
ɱɚɫɭ  ɩɪɢɡɜɨɞɹɬɶ  ɞɨ  ɤɨɪɨɡɿɣɧɢɯ  ɪɭɣɧɭɜɚɧɶ  ɿ   ɧɚɫɚɦɤɿɧɟɰɶ   ɞɨ  ɩɨɫɬɭɩɨɜɨɝɨ 
ɡɧɢɳɟɧɧɹ ɟɤɫɩɥɭɚɬɚɰɿɣɧɨʀ ɧɚɞɿɣɧɨɫɬɿ ɤɨɧɫɬɪɭɤɰɿʀ  

Ɇɨɫɤɜɿɧɢɦ  ȼ Ɇ   > @  ɛɭɥɚ  ɡɚɩɪɨɩɨɧɨɜɚɧɚ  ɤɥɚɫɢɮɿɤɚɰɿɹ  ɨɫɧɨɜɧɢɯ  ɜɢɞɿɜ 
ɤɨɪɨɡɿʀ   ɇɚ  ɨɫɧɨɜɿ  ɨɬɪɢɦɚɧɢɯ  ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ  ɞɚɧɢɯ  ɬɚ  ɧɚɤɨɩɢɱɟɧɨɝɨ 
ɞɨɫɜɿɞɭ ɟɤɫɩɥɭɚɬɚɰɿʀ ɤɨɧɫɬɪɭɤɰɿɣ ɩɪɨɰɟɫɢ  ɤɨɬɪɿ ɩɪɨɬɿɤɚɸɬɶ ɩɪɢ ɤɨɪɨɡɿʀ ɛɟɬɨɧɭ  
ɛɭɥɢ ɪɨɡɞɿɥɟɧɿ ɧɚ ɬɪɢ ɨɫɧɨɜɧɢɯ ɜɢɞɚ  

ɋɥɿɞ  ɡɚɡɧɚɱɢɬɢ   ɳɨ  ɭ  ɩɪɢɪɨɞɧɢɯ  ɭɦɨɜɚɯ  ɡɚɡɜɢɱɚɣ  ɦɚɽ  ɦɿɫɰɟ  ɨɞɧɨɱɚɫɧɢɣ 
ɩɪɨɹɜ ɤɿɥɶɤɨɯ ɜɢɞɿɜ ɤɨɪɨɡɿʀ ɛɟɬɨɧɭ  ɚɥɟ ɨɞɢɧ ɡ ɧɢɯ ɽ ɜɟɞɭɱɢɦ > @  

Ƚɿɞɪɚɬɨɜɚɧɿ ɦɚɬɟɪɿɚɥɢ  ɹɤɿ ɫɤɥɚɞɚɸɬɶ ɰɟɦɟɧɬɧɢɣ ɤɚɦɿɧɶ  ɭ ɪɿɡɧɢɯ ɫɬɭɩɟɧɹɯ 
ɪɨɡɱɢɧɧɿ ɭ ɜɨɞɿ  Ɋɭɣɧɭɜɚɧɧɹ ɛɟɬɨɧɭ ɜɧɚɫɥɿɞɨɤ ɪɨɡɱɢɧɟɧɧɹ ɣ  ɜɢɧɨɫɭ ɡ ɧɶɨɝɨ   ɡ 
ɣɨɝɨ ɫɬɪɭɤɬɭɪɢ  ɤɨɦɩɨɧɟɧɬɿɜ ɰɟɦɟɧɬɧɨɝɨ ɤɚɦɟɧɸ ɛɭɥɨ ɧɚɡɜɚɧɟ ɤɨɪɨɡɿɽɸ I ɜɢɞɭ  
ɇɚɣɛɿɥɶɲ  ɪɨɡɱɢɧɧɢɦ  ɤɨɦɩɨɧɟɧɬɨɦ  ɩɨɪɬɥɚɧɞɰɟɦɟɧɬɧɨɝɨ  ɤɚɦɟɧɸ  ɽ  ɝɿɞɪɨɨɤɫɿɞ 
ɤɚɥɶɰɿɸ  Ƚɿɞɪɨɫɢɥɿɤɚɬ ɣ ɝɿɞɪɨɚɥɸɦɿɧɚɬɢ ɤɚɥɶɰɿɸ ɬɚɤɨɠ ɩɿɞɞɚɸɬɶɫɹ ɪɨɡɱɢɧɟɧɧɸ 
ɭ  ɜɨɞɿ   Ʌɭɠɧɿ  ɪɟɚɤɰɿʀ  ɳɨɞɨ  ɝɿɞɪɨɨɤɫɢɞɭ  ɤɚɥɶɰɿɹ  ɭ  ɛɟɬɨɧɿ  ɡ  ɩɥɢɧɨɦ  ɱɚɫɭ 
ɩɪɢɡɜɨɞɹɬɶ ɞɨ ɜɬɪɚɬɢ ɦɿɰɧɨɫɬɿ ɛɟɬɨɧɭ  

Ʉɨɪɨɡɿɹ  ,,  ɜɢɞɭ  ɜɿɞɪɿɡɧɹɽɬɶɫɹ  ɜɿɞ  ɤɨɪɨɡɿʀ  I ɜɢɞɭ  ɬɢɦ   ɳɨ  ɩɨɲɤɨɞɠɟɧɧɹ 
ɛɟɬɨɧɭ  ɜɢɡɧɚɱɚɽɬɶɫɹ  ɪɨɡɱɢɧɟɧɧɹɦ  ɤɨɦɩɨɧɟɧɬɿɜ  ɰɟɦɟɧɬɧɨɝɨ  ɤɚɦɟɧɸ  ɣ  ʀɯ 
ɯɿɦɿɱɧɨɸ ɜɡɚɽɦɨɞɿɽɸ ɡ ɚɝɪɟɫɢɜɧɢɦɢ ɤɨɦɩɨɧɟɧɬɚɦɢ  ɹɤɿ ɜɯɨɞɹɬɶ ɞɨ ɫɤɥɚɞɭ ɜɨɞɢ  
ɡ  ɭɬɜɨɪɟɧɧɹɦ  ɪɨɡɱɢɧɧɢɯ  ɩɪɨɞɭɤɬɿɜ  ɤɨɪɨɡɿʀ  ɱɢ  ɡ  ɜɢɞɿɥɟɧɧɹɦ  ɜɚɠɤɨ  ɪɨɡɱɢɧɧɢɯ 
ɫɩɨɥɭɤ ɭ ɜɢɝɥɹɞɿ ɤɪɢɯɤɢɯ ɧɨɜɿɬɧɿɯ ɭɬɜɨɪɟɧɶ  ɤɨɬɪɿ ɧɟ ɦɚɸɬɶ ɜɥɚɫɬɢɜɨɫɬɟɣ  ɳɨ 
ɡɦɿɰɧɸɸɬɶ  ɛɟɬɨɧ   ȼɚɠɥɢɜɢɦ  ɭ  ɰɶɨɦɭ  ɜɢɩɚɞɤɭ  ɽ  ɬɢɩ  ɤɢɫɥɨɬɢ  ɬɚ  ʀʀ  ɜɦɿɫɬ  ɭ 
ɜɨɞɧɨɦɭ ɪɨɡɱɢɧɿ  ɑɿɬɤɨ ɡɚ ɫɬɭɩɟɧɟɦ ɚɝɪɟɫɢɜɧɨɫɬɿ ɪɨɡɞɿɥɹɸɬɶ ɨɪɝɚɧɿɱɧɿ ɤɢɫɥɨɬɢ  
ɚɝɪɟɫɢɜɧɿɫɬɶ ɤɨɬɪɢɯ ɞɥɹ ɰɟɦɟɧɬɧɢɯ ɛɟɬɨɧɿɜ ɜɢɡɧɚɱɚɽɬɶɫɹ ɪɨɡɱɢɧɧɿɫɬɸ ʀɯ ɫɨɥɟɣ 
ɤɚɥɶɰɿɸ  Ɍɚɤ  ɧɚɩɪɢɤɥɚɞ  ɨɰɬɨɜɚ  ɥɢɦɨɧɧɚ  ɦɨɥɨɱɧɚ ɤɢɫɥɨɬɢ ɞɨɜɨɥɿ ɚɝɪɟɫɢɜɧɿ  ɚ 
ɳɚɜɟɥɟɜɚ - ɫɥɚɛɤɨ ɚɝɪɟɫɫɢɜɧɚ  

Ⱦɨ ,,, ɜɢɞɭ ɤɨɪɨɡɿʀ ɜɿɞɧɨɫɹɬɶɫɹ ɩɪɨɰɟɫɢ  ɩɪɢ ɹɤɢɯ ɪɭɣɧɭɜɚɧɧɹ  - ɡɧɢɠɟɧɧɹ 
ɦɿɰɧɨɫɬɿ  - ɨɛɭɦɨɜɥɟɧɟ  ɜɢɧɢɤɧɟɧɧɹɦ  ɜɧɭɬɪɿɲɧɿɯ  ɧɚɩɪɭɠɟɧɶ  ɜ  ɪɟɡɭɥɶɬɚɬɿ 
ɭɬɜɨɪɟɧɧɹ ɭ ɰɟɦɟɧɬɧɨɦɭ ɤɚɦɟɧɿ ɧɨɜɢɯ ɡ¶ɽɞɧɚɧɶ ɡɿ ɡɛɿɥɶɲɟɧɧɹɦ ɨɛ¶ɽɦɭ ɬɜɟɪɞɨʀ 
ɮɚɡɢ ɱɢ ɤɪɢɫɬɚɥɿɡɚɰɿʀ ɡ¶ɽɞɧɚɧɶ ɿɡ ɡɨɜɧɿɲɧɶɨɝɨ ɜɨɞɧɨɝɨ ɪɨɡɱɢɧɭ  

Ɂɚ  ɦɚɣɠɟ  ɫɬɨɥɿɬɧɿɣ  ɩɟɪɿɨɞ  ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɢɯ  ɞɨɫɥɿɞɠɟɧɶ  ɤɨɪɨɡɿʀ  ɛɟɬɨɧɭ 
ɧɚɤɨɩɢɱɟɧɢɣ  ɜɟɥɢɱɟɡɧɢɣ ɮɚɤɬɢɱɧɢɣ ɦɚɬɟɪɿɚɥ  ɳɨ  ɣ  ɫɬɜɨɪɢɥɨ  ɩɟɪɟɞɭɦɨɜɢ  ɞɥɹ 
ɭɡɚɝɚɥɶɧɟɧɶ  ɫɩɪɨɛɢ ɩɨɞɚɬɢ ɪɟɡɭɥɶɬɚɬɢ ɭ ɮɨɪɦɿ ɦɚɬɟɦɚɬɢɱɧɢɯ ɦɨɞɟɥɟɣ  
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Ɇɟɬɚ ɪɨɛɨɬɢ ɩɨɥɹɝɚɽ ɭ ɨɛʉɪɭɧɬɭɜɚɧɧɿ ɮɿɡɢɤɨ-ɦɟɯɚɧɿɱɧɨʀ ɬɚ ɦɚɬɟɦɚɬɢɱɧɨʀ 
ɦɨɞɟɥɟɣ  ɩɪɨɰɟɫɿɜ  ɦɚɫɨɩɟɪɟɧɨɫɭ  ɩɪɢ  ɤɨɪɨɡɿʀ  ɰɟɦɟɧɬɧɢɯ  ɛɟɬɨɧɿɜ  ɞɨɪɨɠɧɶɨɝɨ 
ɨɞɹɝɭ ɬɚ ɩɨɤɪɢɬɬɿɜ ɚɟɪɨɞɪɨɦɿɜ. 

ȼɢɤɥɚɞ ɨɫɧɨɜɧɨɝɨ ɡɦɿɫɬɭ ɞɨɫɥɿɞɠɟɧɧɹ  
Ɇɚɫɨɩɟɪɟɧɨɫ ɪɟɱɨɜɢɧ ɭ ɬɿɥɿ ɛɟɬɨɧɭ ɡɞɿɣɫɧɸɽɬɶɫɹ ɲɥɹɯɨɦ ɮɿɥɶɬɪɚɰɿʀ ɪɿɞɢɧɢ 

ɱɢ  ɝɚɡɭ  ɩɪɢ  ɧɚɹɜɧɨɫɬɿ  ɝɪɚɞɿɽɧɬɭ  ɬɢɫɤɭ  ɱɢ ɚɛɨ  ɞɢɮɭɡɿʀ  ɪɟɱɨɜɢɧ  ɩɪɢ  ɧɚɹɜɧɨɫɬɿ 
ɪɿɡɧɢɰɿ ɤɨɧɰɟɧɬɪɚɰɿɣ  

ɍ ɪɨɛɨɬɿ  > @ ɧɚɜɟɞɟɧɚ ɦɚɬɟɦɚɬɢɱɧɚ ɦɨɞɟɥɶ ɤɨɪɨɡɿɣɧɨɝɨ ɦɚɫɨɩɟɪɟɧɨɫɭ  ɳɨ 
ɯɚɪɚɤɬɟɪɧɚ  ɩɪɢ  ɤɨɪɨɡɿʀ  I ɜɢɞɭ   ɍ  ɞɚɧɨɦɭ  ɞɨɫɥɿɞɠɟɧɧɿ  ɡɞɿɣɫɧɟɧɚ  ɭɬɨɱɧɟɧɚ 
ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ  

� � � �2

2

, ,
, 0, 0 ;

C x C x
k x

x

w W w W
 W ! d d G

wW w
                              (1) 

ɩɪɢ ɩɨɱɚɬɤɨɜɢɯ ɭɦɨɜɚɯ  

� � � � � �00
, ,0 ;C x C x C x

W 
W  {                                       (2) 

ɣ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜɚɯ  
� � � � � � � � � � � �0 0

0, ,
0, ; , ,ɪ ɪ

C C
k C C k C C

x x G G

w W w G W
�E W  �E W �E G W  E W

w w
       (3) 

ɞɟ   x  - ɩɪɨɫɬɨɪɨɜɚ   W  - ɱɚɫɨɜɚ ɤɨɨɪɞɢɧɚɬɚ  ɜɿɞɩɨɜɿɞɧɨ  ɨɞɧɨɜɢɦɿɪɧɚ ɩɨɫɬɚɧɨɜɤɚ 
ɡɚɞɚɱɿ    � �,C x W  - ɤɨɧɰɟɧɬɪɚɰɿɹ ³ɜɿɥɶɧɨɝɨ ɝɿɞɪɨɤɫɢɞɭ ɤɚɥɶɰɿɸ´ ɭ ɛɟɬɨɧɿ ɭ ɦɨɦɟɧɬ 
ɱɚɫɭ  W  ɭ ɞɨɜɿɥɶɧɿɣ ɬɨɱɰɿ ɡ ɤɨɨɪɞɢɧɚɬɨɸ  x   ɭ ɩɟɪɟɪɚɯɭɧɤɭ ɧɚ CaO  ɤɝ ɤɝ ɛɟɬɨɧɭ  

� �ɪC W  - ɪɿɜɧɨɜɚɠɧɚ ɤɨɧɰɟɧɬɪɚɰɿɹ ɧɚ ɩɨɜɟɪɯɧɿ ɬɜɟɪɞɨɝɨ ɬɿɥɚ  ɤɝ &D2 ɤɝ ɛɟɬɨɧɭ  
k  - ɤɨɟɮɿɰɿɽɧɬ  ɦɚɫɨɩɪɨɜɿɞɧɨɫɬɿ  ɭ  ɬɜɟɪɞɿɣ  ɮɚɡɿ   ɦ2 ɫ   G  - ɬɨɜɳɢɧɚ  ɫɬɿɧɤɢ 
ɤɨɧɫɬɪɭɤɰɿʀ   ɦ   > @x  ɦ   > @W  ɫ   0E , GE  - ɤɨɟɮɿɰɿɽɧɬɢ  ɦɚɫɨɜɿɞɞɚɱɿ  ɭ  ɪɿɞɤɿɣ  ɮɚɡɿ 
 ɪɿɞɤɨɦɭ ɫɟɪɟɞɨɜɢɳɿ  ɞɥɹ ɩɨɜɟɪɯɧɿ  0x   ɣ  x  G   ɜɿɞɩɨɜɿɞɧɨ  ɦ ɫ  

ȼɜɚɠɚɽɦɨ  ɳɨ  � �0, ,k GE E  - ɤɨɧɫɬɚɧɬɢ   � �ɪC W  - ɡɚɞɚɧɚ ɮɭɧɤɰɿɹ  � �W  ɱɚɫɭ  
� �0C x , � �0C x  - ɡɚɞɚɧɿ ɮɭɧɤɰɿʀ ɩɪɨɫɬɨɪɨɜɨʀ ɤɨɨɪɞɢɧɚɬɢ  � �x . 

ȼɜɟɞɟɦɨ ɧɚɫɬɭɩɧɭ ɡɚɦɿɧɭ  

� � � � � �, , ɪC x C x CW  � W � W ,                                         (4) 

ɬɨɞɿ ɩɨɫɬɚɧɨɜɤɚ ɡɚɞɚɱɿ     ±     ɧɚɛɭɜɚɽ ɧɚɫɬɭɩɧɨɝɨ ɜɢɝɥɹɞɭ  

� � � � � �2

2

, ,
; 0, 0ɪCC x C x

k x
x

w Ww W w W
�  W ! d d G

wW w wW
;                      (5) 

ɩɪɢ ɩɨɱɚɬɤɨɜɢɯ ɭɦɨɜɚɯ  

� � � � � �00
, 0ɪC x C C x

W 
W  � ;                                             (6) 

ɣ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜɚɯ  

� � � � � � � �0

0, ,
0, 0; , 0

C C
k C k C

x x G

 ½  ½w W w G W
�E W  �E G W  ® ¾ ® ¾w w¯ ¿ ¯ ¿

.              (7) 
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ɇɢɠɱɟ  ɩɨɞɚɧɢɣ  ɚɧɚɥɿɬɢɱɧɢɣ  ɪɨɡɜ¶ɹɡɨɤ  ɡɚɞɚɱɿ       - (     ɨɬɪɢɦɚɧɢɣ 
ɡɚɫɨɛɚɦɢ ɦɚɬɟɦɚɬɢɱɧɨʀ ɮɿɡɢɤɢ > - @  Ɋɨɡɜ¶ɹɡɨɤ ɡɚɞɚɱɿ      - (7)  ɩɨɞɚɧɢɣ ɧɢɠɱɟ  
ɦɚɽ ɜɢɝɥɹɞ  

� � � � � �1 2, , ,C x C x C xW  W � W ,                                             (8) 

ɞɟ  

� � � � ^ `2
1

1

, expm m m
m

C x A Z x k
f

 

W  � J W¦ ,                                      (9) 

mJ  - ɜɥɚɫɧɿ ɱɢɫɥɚ  ɳɨ ɜɢɡɧɚɱɚɸɬɶɫɹ ɡ ɬɪɚɧɫɰɟɞɟɧɬɧɨɝɨ ɪɿɜɧɹɧɧɹ  

� � � �
2 2

1 2 0
1 2

1 2

, , , 1,2,3,...,m
m

m

S S
ctg S S m

S S k k
GJ � G � � E E G

J �G   G   
� J � G

         (10) 

� � � � � � � �
� � � � � � � �

1
1/2

2 2 2
12 2 2 2

1 1

cos sin

sin cos 2 sin
2

m m m
m

m

m m m m
m

x S x
Z x

S
S S

J G J � J
 
 ½ª ºJ G �G° °J G � � J G J G � J G« »® ¾J G« »° °¬ ¼¯ ¿

.     (11) 

Ʉɨɧɫɬɚɧɬɢ  mA  ɭ     ɦɨɠɧɚ ɡɧɚɣɬɢ ɡɿ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ  

� � � �^ ` � �

� �
� � � �

1/2
0

20
2

0

0
,

ɪ P

m m m

m

C C x Z x dx
A Z x Z x dx

Z x

G

G� § ·
  ¨ ¸

© ¹

³
³ .    (12) 

� �2 ,C x W  ɽ ɪɨɡɜ ɹɡɤɨɦ ɧɟɨɞɧɨɪɿɞɧɨɝɨ ɪɿɜɧɹɧɧɹ       ɡɚ  ɧɭɥɶɨɜɢɯ ɩɨɱɚɬɤɨɜɢɯ ɣ 

ɝɪɚɧɢɱɧɢɯ  ɭɦɨɜ  ɡɧɚɯɨɞɢɬɶɫɹ  ɲɥɹɯɨɦ  ɪɨɡɤɥɚɞɭ  ɮɭɧɤɰɿʀ 

� � � � � � � �, ɪ ɪ
ɪ

C dC
f x C

d

w W W
W    W

wW W
 ɩɨ  ɜɥɚɫɧɢɦ  ɮɭɧɤɰɿɹɦ  ɜɿɞɩɨɜɿɞɧɨʀ  ɡɚɞɚɱɿ 

ɒɬɭɪɦɚ-Ʌɿɭɜɿɥɥɹ ɞɥɹ ɨɞɧɨɪɿɞɧɨɝɨ ɪɿɜɧɹɧɧɹ  Ɍɨɦɭ ɦɚɽɦɨ  

� � � � � � � � � �
� �

� � � �2
1 0

1
, , ,ɪ Q Q Q Q

n n

f x C f Z x f f x Z x dx
Z x

Gf

 

W  W  W W  W¦ ³ ,    (13) 

nJ  - ɜɥɚɫɧɿ ɱɢɫɥɚ  ɜɜɟɞɟɧɿ ɜɢɳɟ       

Ɍɨɦɭ ɡɚɝɚɥɶɧɢɣ ɪɨɡɜ¶ɹɡɨɤ  � �2 ,C x W  ɜɢɯɿɞɧɨʀ ɡɚɞɚɱɿ    -     ɭ     ɦɚɽ ɜɢɞ  

� � � � � � � �

� � � �

2
2

1
0

0 0

, exp

, , ,

n n n
n

C x f d z x

G x f d d

Wf

 

W G

§ ·
c c cª ºW  ¦ �Z W � W W W  ¨ ¸¬ ¼

© ¹

c c c [ W � W W [ [ W

³

³ ³
,         (14) 

ɞɟ  � �, ,G x c[ W � W  - ɮɭɧɤɰɿɹ  ɦɢɬɬɽɜɨɝɨ  ɬɨɱɤɨɜɨɝɨ  ɞɠɟɪɟɥɚ  ɦɚɫɢ   ɚɛɨ  ɮɭɧɤɰɿɹ 

Ƚɪɿɧɚ   
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� � � �^ ` � � � �
� �

2

2
1

exp
, , ,

, 1,2,3,... .

n n n

n n

n

Z x Z
G x

Z x

k n

f

 

 ª ºc�Z W � W [
° c[ W � W  « »°

« »® ¬ ¼
°

Z � J  °̄

¦
      (15) 

ȼ  ɫɜɨɸ  ɱɟɪɝɭ   ɜɫɬɚɧɨɜɥɟɧɿ  ɡɚɤɨɧɨɦɿɪɧɨɫɬɿ  ɦɚɫɨɩɟɪɟɧɨɫɭ  ɩɪɢ  ɪɿɞɢɧɧɿɣ 
ɤɨɪɨɡɿʀ ɛɟɬɨɧɿɜ  ɳɨ ɩɪɨɬɿɤɚɸɬɶ ɡɚ ɦɟɯɚɧɿɡɦɨɦ II ɜɢɞɭ > @  ɡɜɨɞɹɬɶɫɹ ɞɨ ɪɨɡɪɨɛɤɢ 
ɦɚɬɟɦɚɬɢɱɧɨʀ  ɦɨɞɟɥɿ  ɞɢɮɭɡɿʀ  ³ɜɿɥɶɧɨɝɨ  ɝɿɞɪɨɤɫɢɞɭ  ɤɚɥɶɰɿɸ´  ɭ  ɝɟɬɟɪɨɝɟɧɧɿɣ 
ɫɢɫɬɟɦɿ ³ɛɟɬɨɧ-ɪɿɞɢɧɚ´  ɤɨɬɪɭ ɭ ɬɜɟɪɞɿɣ ɮɚɡɿ ɦɨɠɧɚ ɩɨɞɚɬɢ ɪɿɜɧɹɧɧɹɦɢ ɜɢɞɭ  

� � � � � �2

2

, ,
, 0, 0v

Ȼ

C x C x q x
k x

x

w W w W
 � W t d d G

wW w U
,                        (16) 

ɩɪɢ ɩɨɱɚɬɤɨɜɢɯ ɭɦɨɜɚɯ  

� � � �00
,C x C x

W 
W  ,                                           (17) 

ɣ ɩɪɢ ɝɪɚɧɢɱɧɢɯ ɭɦɨɜɚɯ  
� � � �

� � � � � �

0

0,
0, 0;

,
, .Ȼ Ȼ L

k C
x
C

k C q
x G

w W
�E W  

w
w G W

U � E U G W  � W
w

                            (18) 

ɍ  ɡɚɞɚɱɿ      -      ɜɟɥɢɱɢɧɢ  � � � � � �0, ,v iq x q C xW  ɜɜɚɠɚɸɬɶɫɹ  ɡɚɞɚɧɢɦɢ 

ɮɭɧɤɰɿɹɦɢ ɫɜɨʀɯ  ɚɪɝɭɦɟɧɬɿɜ, ȻU  - ɳɿɥɶɧɿɫɬɶ ɛɟɬɨɧɭ  Ɂɚɡɧɚɱɢɦɨ  ɳɨ ɧɚ ɜɿɞɦɿɧɭ 
ɜɿɞ  ɪɨɛɨɬɢ  > @   ɭ  ɞɚɧɨɦɭ  ɞɨɫɥɿɞɠɟɧɧɿ  ɡɞɿɣɫɧɟɧɚ  ɪɨɡɲɢɪɟɧɚ  ɩɨɫɬɚɧɨɜɤɚ  ɡɚɞɚɱɿ 
� �0 0, 0GE z E z   ɍ ɩɨɞɚɥɶɲɨɦɭ ɪɨɡɝɥɹɧɟɦɨ ɡɚɞɚɱɭ  ɜ ɹɤɿɣ  iq ɧɟ ɽ ɮɭɧɤɰɿɽɸ ɱɚɫɭ 

W    ɬɨɛɬɨ  iq const  [3]. ȼɜɟɞɟɦɨ  ɡɚɦɿɧɭ  ɡɦɿɧɧɢɯ  ɬɚ ɮɭɧɤɰɿɣ  ɭ  ɡɚɞɚɱɿ      -(18), 
ɬɨɞɿ ɦɚɬɢɦɟɦɨ ɞɥɹ  
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;                                      (19) 
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x x G
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w W w G WE
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ɍ  ɩɨɞɚɥɶɲɨɦɭ  ɪɨɡɜ¶ɹɡɭɽɦɨ  ɡɚɞɚɱɭ  ɭ  ɩɨɫɬɚɧɨɜɰɿ      -      ɣ  ɧɚɛɥɢɠɟɧɧɹ 

0 GE ��E    ɡɚ  ɹɤɨɝɨ  ɝɪɚɧɢɱɧɿ  ɭɦɨɜɢ        ɫɬɚɸɬɶ  ɨɞɧɨɪɿɞɧɢɦɢ   ȼ  ɪɟɡɭɥɶɬɚɬɿ  ɦɢ 
ɨɬɪɢɦɚɽɦɨ ɧɚɫɬɭɩɧɢɣ ɪɨɡɜ¶ɹɡɨɤ ɡɚɞɚɱɿ     -(22): 

� � � � � �1 2, , ,C x C x C xW  W � W ,                                     (23) 

ɞɟ  

� � � � ^ `2
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, expm m m
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C x A Z x k
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W  � J W¦ ,                               (24) 

ɤɨɧɫɬɚɧɬɢ  mA  ɭ      ɦɨɠɧɚ ɡɧɚɣɬɢ ɡɿ ɫɩɿɜɜɿɞɧɨɲɟɧɧɹ  
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q
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 �® ¾E U¯ ¿
³ .                        (25) 

� �2 ,C x W  ɡɧɚɯɨɞɢɦɨ ɡ ɧɚɫɬɭɩɧɢɯ ɦɿɪɤɭɜɚɧɶ  
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          (27) 

ȼɢɪɚɡ  ɞɥɹ ɮɭɧɤɰɿʀ  Ƚɪɿɧɚ  � �, ,G x c[ W � W  ɧɚɜɟɞɟɧɢɣ  ɜɢɳɟ   ɭ  ɫɩɿɜɜɿɞɧɨɲɟɧɧɿ 

(15). 
 

ȼɢɫɧɨɜɤɢ 
   ɉɪɨɰɟɫɢ ɦɚɫɨɨɛɦɿɧɭ ɽ ɨɞɧɢɦ ɿɡ ɧɚɣɜɚɠɥɢɜɿɲɢɯ ɪɨɡɞɿɥɿɜ ɫɭɱɚɫɧɨʀ ɧɚɭɤɢ 

ɣ ɦɚɸɬɶ ɜɟɥɢɤɟ ɩɪɚɤɬɢɱɧɟ ɡɧɚɱɟɧɧɹ ɭ ɛɭɞɿɜɟɥɶɧɨɦɭ ɦɚɬɟɪɿɚɥɨɡɧɚɜɫɬɜɿ  Ɂɧɚɧɧɹ 
ɡɚɤɨɧɿɜ ɦɚɫɨɩɟɪɟɧɨɫɭ ɞɚɽ ɦɨɠɥɢɜɿɫɬɶ ɪɚɰɿɨɧɚɥɶɧɨɝɨ ɩɪɨɟɤɬɭɜɚɧɧɹ ɛɭɞɿɜɟɥɶɧɢɯ 
ɤɨɧɫɬɪɭɤɰɿɣ ɭ ɜɿɞɩɨɜɿɞɧɨɫɬɿ  ɡ ɪɟɠɢɦɨɦ  ʀɯ ɟɤɫɩɥɭɚɬɚɰɿʀ  ɨɩɬɢɦɚɥɶɧɨɝɨ ɩɿɞɛɨɪɭ 
ɞɥɹ ɧɢɯ ɦɚɬɟɪɿɚɥɿɜ  ɨɰɿɧɤɢ ɫɬɚɧɭ ɤɨɧɫɬɪɭɤɰɿɣ  

    ɉɿɞɜɢɳɟɧɧɹ  ɛɟɡɩɟɤɢ  ɣ  ɞɨɜɝɨɜɿɱɧɨɫɬɿ  ɛɭɞɿɜɟɥɶ  ɬɚ  ɫɩɨɪɭɞ  ɽ  ɨɞɧɿɽɸ  ɡ 
ɧɚɣɜɚɠɥɢɜɿɲɢɯ ɡɚɞɚɱ ɛɭɞɿɜɧɢɰɬɜɚ  Ɋɨɡɜ¶ɹɡɨɤ ɰɿɽʀ ɡɚɞɚɱɿ ɜɢɦɚɝɚɽ ɡɧɚɧɶ ɫɭɬɧɨɫɬɿ 
ɩɪɨɰɟɫɿɜ   ɳɨ  ɩɪɨɬɿɤɚɸɬɶ  ɩɪɢ  ɟɤɫɩɥɭɚɬɚɰɿʀ  ɛɭɞɿɜɟɥɶɧɢɯ  ɤɨɧɫɬɪɭɤɰɿɣ   ɜ  ɩɟɪɲɭ 
ɱɟɪɝɭ ɫɭɬɧɨɫɬɿ ɩɪɨɰɟɫɿɜ ɤɨɪɨɡɿʀ  

   ɍ ɫɭɱɚɫɧɨɦɭ ɩɪɨɦɢɫɥɨɜɨɦɭ  ɰɢɜɿɥɶɧɨɦɭ ɬɚ  ɬɪɚɧɫɩɨɪɬɧɨɦɭ ɛɭɞɿɜɧɢɰɬɜɿ 
ɨɫɧɨɜɧɢɦ  ɦɚɬɟɪɿɚɥɨɦ  ɞɥɹ  ɫɩɨɪɭɞɠɟɧɧɹ  ɜɿɞɩɨɜɿɞɚɥɶɧɢɯ  ɛɭɞɿɜɟɥɶ  ɬɚ  ɫɩɨɪɭɞ  ɽ 
ɛɟɬɨɧ   ȼɢɫɨɤɚ  ɦɿɰɧɿɫɬɶ  ɣ  ɞɨɜɨɥɿ  ɩɪɨɫɬɚ  ɫɭɤɭɩɧɿɫɬɶ  ɪɨɛɿɬ  ɜɢɡɧɚɱɢɥɢ  ɲɢɪɨɤɭ 
ɨɛɥɚɫɬɶ ɣɨɝɨ ɡɚɫɬɨɫɭɜɚɧɧɹ  ɚɥɟ ɜɩɥɢɜ ɚɝɪɟɫɢɜɧɢɯ ɫɟɪɟɞɨɜɢɳ ɡɞɚɬɧɢɣ ɡ ɩɥɢɧɨɦ 
ɱɚɫɭ ɩɨɫɥɚɛɥɹɬɢ ɦɿɰɧɿɫɬɶ ɛɟɬɨɧɭ  ɡɧɢɠɭɸɱɢ ɬɢɦ ɫɚɦɢɦ ɛɟɡɩɟɤɭ ɣ ɞɨɜɝɨɜɿɱɧɿɫɬɶ 
ɛɭɞɿɜɟɥɶ ɬɚ ɫɩɨɪɭɞ  
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    Ɍɜɟɪɞɿɧɧɹ  ɛɟɬɨɧɭ  ɩɪɢɡɜɨɞɢɬɶ  ɞɨ  ɜɢɧɢɤɧɟɧɧɹ  ɭ  ɧɶɨɦɭ  ɜɿɥɶɧɨɝɨ 
ɝɿɞɪɨɤɫɢɞɭ ɤɚɥɶɰɿɸ  ɜɦɿɫɬ ɤɨɬɪɨɝɨ ɞɨɫɹɝɚɽ             ɭ ɩɟɪɟɪɚɯɭɧɤɭ ɧɚ &aO   ɿ 
ɹɤɢɣ  ɦɨɠɟ  ɜɢɦɢɜɚɬɢɫɶ  ɡ  ɤɨɧɫɬɪɭɤɰɿʀ  ɩɿɞ  ɜɩɥɢɜɨɦ  ɨɬɨɱɭɸɱɨɝɨ  ɫɟɪɟɞɨɜɢɳɚ  
ȼɤɚɡɚɧɢɣ  ɩɪɨɰɟɫ  ɬɜɟɪɞɿɧɧɹ  ɛɟɬɨɧɭ  ɯɚɪɚɤɬɟɪɢɡɭɽɬɶɫɹ  ɯɿɦɿɱɧɢɦɢ  ɪɟɚɤɰɿɹɦɢ 
ɝɿɞɪɚɬɚɰɿʀ  ɚɥɿɬɚ  ɬɚ  ɛɟɥɿɬɚ   Ɂɦɟɧɲɟɧɧɹ  ɜɦɿɫɬɭ  ɜɿɥɶɧɨɝɨ  ɝɿɞɪɨɤɫɢɞɭ  ɤɚɥɶɰɿɸ  ɜ 
ɪɟɡɭɥɶɬɚɬɿ µɜɢɦɢɜɚɧɧɹ´  ɣɨɝɨ  ɡ  ɛɟɬɨɧɭ  ɪɿɞɢɧɨɸ   ɜɢɤɥɢɤɚɽ  ɡɦɿɧɭ ɮɚɡɨɜɨʀ ɬɚ 
ɬɟɪɦɨɞɢɧɚɦɿɱɧɨʀ  ɪɿɜɧɨɜɚɝɢ  ɭ  ɫɢɫɬɟɦɿ   ɩɪɢɡɜɨɞɢɬɶ  ɞɨ  ɪɨɡɤɥɚɞɚɧɧɹ  ɨɫɧɨɜɧɢɯ 
ɫɤɥɚɞɨɜɢɯ  ɰɟɦɟɧɬɧɨɝɨ  ɤɥɿɧɤɟɪɚ   ɬɚɤɢɯ  ɹɤ  ɧɚɩɿɜɝɿɞɪɚɬ  ɫɭɥɶɮɚɬɭ  ɤɚɥɶɰɿɸ   ɝɿɩɫ  
ɬɪɢɤɚɥɶɰɿɽɜɢɣ ɚɥɸɦɿɧɚɬ  ɚɥɿɬ  ɛɟɥɿɬ  ɝɿɥɥɟɛɪɚɧɞɢɬ  ɤɫɨɧɨɬɥɿɬ  ɬɨɛɟɪɦɨɪɿɬ  ɳɨ ɭ 
ɫɜɨɸ  ɱɟɪɝɭ  ɩɪɢɡɜɨɞɢɬɶ  ɞɨ  ɧɟɜɿɞɧɨɜɥɸɜɚɧɨʀ  ɜɬɪɚɬɢ  ɦɿɰɧɿɫɧɢɯ  ɜɥɚɫɬɢɜɨɫɬɟɣ 
ɛɟɬɨɧɭ   ȼɫɬɚɧɨɜɥɟɧɨ  ɳɨ  ɩɪɢ  ɜɬɪɚɬɿ      &D2  ɡɧɢɠɟɧɧɹ ɦɿɰɧɨɫɬɿ  ɰɟɦɟɧɬɧɨɝɨ 
ɤɚɦɟɧɸ  ɞɨɫɹɝɚɽ        ɩɪɢ  ɜɬɪɚɬɿ      &D2  ± ɜɠɟ        ɚ  ɩɪɢ  ɜɬɪɚɬɿ      &D2 
ɧɚɫɬɭɩɚɽ ɩɨɜɧɟ ɪɭɣɧɭɜɚɧɧɹ ɛɟɬɨɧɭ  

    Ɋɨɡɪɨɛɤɚ  ɦɚɬɟɦɚɬɢɱɧɢɯ  ɦɨɞɟɥɟɣ  ɩɪɨɰɟɫɿɜ  ɤɨɪɨɡɿʀ  ɛɟɬɨɧɭ  ɛɚɡɭɽɬɶɫɹ  ɧɚ 
ɮɿɡɢɱɧɢɯ ɦɨɞɟɥɹɯ ɞɢɮɭɡɿʀ  ɤɨɦɩɨɧɟɧɬɿɜ  ɹɤɿ ɩɟɪɟɧɨɫɹɬɶɫɹ ɭ ɩɨɪɢɫɬɿɣ ɫɬɪɭɤɬɭɪɿ 
ɛɟɬɨɧɭ, ɣ  ɦɚɬɟɦɚɬɢɱɧɨɦɭ  ɚɩɚɪɚɬɿ  ɝɪɚɧɢɱɧɢɯ  ɡɚɞɚɱ  ɦɚɫɨɩɟɪɟɧɨɫɭ  ɡ 
ɜɢɤɨɪɢɫɬɚɧɧɹɦ ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ ɪɿɜɧɹɧɶ  ɭ ɱɚɫɬɢɧɧɢɯ ɩɨɯɿɞɧɢɯ ɩɚɪɚɛɨɥɿɱɧɨɝɨ 
ɬɢɩɭ  ɍ ɪɨɛɨɬɚɯ >    -  @ ɧɚɜɟɞɟɧɿ ɪɟɡɭɥɶɬɚɬɢ ɪɨɡɪɨɛɤɢ ɦɚɬɟɦɚɬɢɱɧɢɯ ɦɨɞɟɥɟɣ 
ɩɪɨɰɟɫɿɜ  ɤɨɪɨɡɿʀ  ɛɟɬɨɧɭ  ɩɟɪɲɨɝɨ  ɜɢɞɭ   ɚ  ɬɚɤɨɠ  ɪɟɡɭɥɶɬɚɬɢ  ɩɪɚɤɬɢɱɧɨɝɨ 
ɡɚɫɬɨɫɭɜɚɧɧɹ  ɩɨɞɚɧɢɯ  ɦɚɬɟɦɚɬɢɱɧɢɯ  ɦɨɞɟɥɟɣ   ɉɪɨɬɟ  ɨɬɪɢɦɚɧɿ  ɪɟɡɭɥɶɬɚɬɢ  ɧɟ 
ɜɢɬɪɢɦɭɸɬɶ  ɧɿɹɤɨʀ  ɤɪɢɬɢɤɢ  ɡ  ɬɨɱɤɢ  ɡɨɪɭ  ɦɟɬɨɞɿɜ  ɿ  ɩɿɞɯɨɞɿɜ  ɤɥɚɫɢɱɧɨʀ 
ɦɚɬɟɦɚɬɢɱɧɨʀ  ɮɿɡɢɤɢ   ɍ  ɞɚɧɨɦɭ  ɞɨɫɥɿɞɠɟɧɧɿ  ɰɿ  ɩɨɦɢɥɤɢ   ɧɟɬɨɱɧɨɫɬɿ  
ɧɟɜɿɞɩɨɜɿɞɧɨɫɬɿ  ɣ  ɧɟɤɨɪɟɤɬɧɨɫɬɿ  ɜɤɚɡɚɧɢɯ  ɪɨɛɿɬ  ɭɫɭɧɟɧɿ   ɉɪɢɱɨɦɭ  ɪɨɡɝɥɹɧɭɬɿ 
ɦɨɞɟɥɿ ɤɨɪɨɡɿʀ ɛɟɬɨɧɿɜ ɩɟɪɲɨɝɨ ɬɚ ɞɪɭɝɨɝɨ ɜɢɞɿɜ  

    Ȼɟɡɭɦɨɜɧɢɦ  ɩɨɡɢɬɢɜɧɢɦ  ɦɨɦɟɧɬɨɦ  ɨɬɪɢɦɚɧɢɯ  ɭ  ɞɨɫɥɿɞɠɟɧɧɿ 
ɡɚɥɟɠɧɨɫɬɟɣ  ɽ  ɦɨɠɥɢɜɿɫɬɶ  ɪɨɡɜ¶ɹɡɤɭ  ɨɛɟɪɧɟɧɨʀ  ɡɚɞɚɱɿ   ɤɨɥɢ  ɧɚɹɜɧɿ 
ɟɤɫɩɟɪɢɦɟɧɬɚɥɶɧɿ  ɞɚɧɿ  ɡɚ  ɞɨɩɨɦɨɝɨɸ  ɞɚɧɨʀ  ɦɨɞɟɥɿ  ɞɨɡɜɨɥɹɸɬɶ  ɩɪɨɝɧɨɡɭɜɚɬɢ 
ɱɢɫɟɥɶɧɿ  ɡɧɚɱɟɧɧɹ  ɜɿɥɶɧɨɝɨ  ɝɿɞɪɨɤɫɢɞɭ  ɤɚɥɶɰɿɸ   ɳɨ  ɭ  ɤɿɧɰɟɜɨɦɭ  ɩɿɞɫɭɦɤɭ  ɡ 
ɦɿɧɿɦɚɥɶɧɨɸ  ɩɨɯɢɛɤɨɸ  ɞɨɡɜɨɥɹɽ  ɩɪɨɝɧɨɡɭɜɚɬɢ  ɞɨɜɝɨɜɿɱɧɿɫɬɶ  ɫɩɨɪɭɞ  ɬɚ 
ɛɭɞɿɜɟɥɶ  

 
Cɩɢɫɨɤ ɥɿɬɟɪɚɬɭɪɢ 

1. Ɇɨɫɤɜɢɧ ȼ Ɇ  Ʉɨɪɪɨɡɢɹ ɛɟɬɨɧɚ  Ɇ   Ƚɨɫɫɬɪɨɣɢɡɞɚɬ            ɫ  
2. Ɏɟɞɨɫɨɜ ɋ ȼ , Ɋɭɦɹɧɰɟɜɚ ȼ ȿ    ɏɪɭɧɨɜ ȼ Ⱥ , Ⱥɤɫɚɤɨɜɫɤɚɹ Ʌ ɇ  
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3. Ɏɟɞɨɫɨɜ  ɋ ȼ    Ɋɭɦɹɧɰɟɜɚ  ȼ ȿ    Ʉɚɫɶɹɧɟɧɤɨ  ɇ ɋ   Ɇɚɬɟɦɚɬɢɱɟɫɤɨɟ 
ɦɨɞɟɥɢɪɨɜɚɧɢɟ  ɦɚɫɫɨɩɟɪɟɧɨɫɚ  ɜ  ɩɪɨɰɟɫɫɚɯ  ɤɨɪɪɨɡɢɢ  ɛɟɬɨɧɚ  ɜɬɨɪɨɝɨ  ɜɢɞɚ  
ɋɬɪɨɢɬɟɥɶɧɵɟ ɦɚɬɟɪɢɚɥɵ        ʋ   ɋ    -39. 
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4. Ʉɨɲɥɹɤɨɜ  ɇ ɋ    Ƚɥɢɧɟɪ  ɗ Ȼ    ɋɦɢɪɧɨɜ  Ɇ Ɇ   ɍɪɚɜɧɟɧɢɹ  ɜ  ɱɚɫɬɧɵɯ 
ɩɪɨɢɡɜɨɞɧɵɯ ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ ɮɢɡɢɤɢ  Ɇ   ȼɵɫɲɚɹ ɲɤɨɥɚ              

5. Ɇɭɫɿɣ Ɋ ɋ   Ɉɪɢɳɢɧ Ɉ Ƚ   Ɂɚɲɤɿɥɶɧɹɤ ȱ Ɇ   Ʉɥɚɣɱɭɤ Ɇ ȱ  Ⱦɢɮɟɪɟɧɰɿɚɥɶɧɿ 
ɪɿɜɧɹɧɧɹ ɬɚ ɪɿɜɧɹɧɧɹ ɦɚɬɟɦɚɬɢɱɧɨʀ ɮɿɡɢɤɢ  Ʌɶɜɿɜ  Ɋɚɫɬɪ-             ɫ  

6. ɇɟɞɨɫɟɤɚ  Ⱥ ə   Ɉɫɧɨɜɵ  ɪɚɫɱɟɬɚ  ɫɜɚɪɧɵɯ  ɤɨɧɫɬɪɭɤɰɢɣ   Ʉ    ȼɵɳɚ  ɲɤɨɥɚ  
1988. 263 ɫ  

7. Ɏɟɞɨɫɨɜ ɋ  ȼ    Ɋɭɦɹɧɰɟɜɚ ȼ  ȿ    Ɏɟɞɨɫɨɜɚ ɇ  Ʌ    ɋɦɟɥɶɰɨɜ ȼ  Ʌ  
Ɇɨɞɟɥɢɪɨɜɚɧɢɟ  ɦɚɫɫɨɩɟɪɟɧɨɫɚ  ɜɩɪɨɰɟɫɫɚɯ  ɠɢɞɤɨɫɬɧɨɣ  ɤɨɪɪɨɡɢɢ  ɛɟɬɨɧɚ 
ɩɟɪɜɨɝɨ ɜɢɞɚ  ɋɬɪɨɢɬɟɥɶɧɵɟ ɦɚɬɟɪɢɚɥɵ        ʋ   ɋ    -62. 

8. Ɏɟɞɨɫɨɜ ɋ  ȼ , Ɋɭɦɹɧɰɟɜɚ ȼ  ȿ    Ɋɭɦɹɧɰɟɜɚ Ʉ  ȿ    ɏɪɭɧɨɜ ȼ Ⱥ  
Ɇɨɞɟɥɢɪɨɜɚɧɢɟ ɩɨɝɪɚɧɢɱɧɨɝɨ ɫɥɨɹ ɜ ɩɪɨɰɟɫɫɚɯ ɦɚɫɫɨɩɟɪɟɧɨɫɚ ɩɪɢ ɠɢɞɤɨɫɬɧɨɣ 
ɤɨɪɪɨɡɢɢ ɠɟɥɟɡɨɛɟɬɨɧɧɵɯ ɤɨɧɫɬɪɭɤɰɢɣ  ɂɡɜɟɫɬɢɹ ɜɵɫɲɢɯ ɭɱɟɛɧɵɯ ɡɚɜɟɞɟɧɢɣ  
ɋɟɪɢɹ  ɏɢɦɢɹ ɢ ɯɢɦɢɱɟɫɤɚɹ ɬɟɯɧɨɥɨɝɢɹ        Ɍ     ʋ   ɋ    -100. 

9. Ɏɟɞɨɫɨɜ  ɋ ȼ    Ɋɭɦɹɧɰɟɜɚ  ȼ ȿ    ɏɪɭɧɨɜ  ȼ Ⱥ    Ʉɚɫɶɹɧɟɧɤɨ ɇ ɋ   
ɋɦɟɥɶɰɨɜ ȼ Ʌ   ɉɪɨɝɧɨɡɢɪɨɜɚɧɢɟ  ɞɨɥɝɨɜɟɱɧɨɫɬɢ  ɫɬɪɨɢɬɟɥɶɧɵɯ  ɤɨɧɫɬɪɭɤɰɢɣ  ɫ 
ɩɨɡɢɰɢɣ  ɪɚɫɱɟɬɧɨɝɨ  ɢ  ɷɤɫɩɟɪɢɦɟɧɬɚɥɶɧɨɝɨ  ɢɫɫɥɟɞɨɜɚɧɢɹ  ɩɪɨɰɟɫɫɨɜ  ɤɨɪɪɨɡɢɢ 
ɛɟɬɨɧɚ  ȼɟɫɬɧɢɤ ȼɨɥɝɨɝɪɚɞɫɤɨɝɨ ȽȺɋɍ  ɫɟɪɢɹ ³ɋɬɪɨɢɬɟɥɶɫɬɜɨ ɢ ɚɪɯɢɬɟɤɬɭɪɚ´  
ɪɚɡɞɟɥ ³ɋɬɪɨɢɬɟɥɶɧɵɟ ɦɚɬɟɪɢɚɥɵ ɢ ɢɡɞɟɥɢɹ´       ʋ        ɋ  117-122. 

10. Ɏɟɞɨɫɨɜ  ɋ ȼ    Ɋɭɦɹɧɰɟɜɚ  ȼ ȿ    ɏɪɭɧɨɜ  ȼ Ⱥ    ɒɟɫɬɟɪɤɢɧ  Ɇ ȿ   Ɉ 
ɧɟɤɨɬɨɪɵɯ  ɩɪɨɛɥɟɦɚɯ  ɬɟɯɧɨɥɨɝɢɢ  ɛɟɡɨɩɚɫɧɨɫɬɢ  ɢ  ɞɨɥɝɨɜɟɱɧɨɫɬɢ  ɡɞɚɧɢɣ  
ɫɨɨɪɭɠɟɧɢɣ  ɢ  ɢɧɠɟɧɟɪɧɨɣ  ɢɧɮɪɚɫɬɪɭɤɬɭɪɵ   ɋɬɪɨɢɬɟɥɶɧɵɟ  ɦɚɬɟɪɢɚɥɵ  
     ʋ   ɋ  8-11. 

 
References 

1. Moskvyn V.M. Korrozyia betona. M.: Hosstroiyzdat, 1952. 342 s. (in Russian). 
2. Fedosov S. V., Rumiantseva V. E., Khrunov V. A., Aksakovskaia L. N. 

Modelyrovanye massoperenosa v protsessakh korrozyy betonov pervoho vyda 
 PDOɵH  ]QDFKHQ\LD  FK\VOD  )XUH    6WUR\WHOQie materyali          ʋ    6     -71. (in 
Russian). 

3. Fedosov S. V., Rumiantseva V. E., Kasianenko N. S. Matematycheskoe 
modelyrovanye massoperenosa v protsessakh korrozyy betona vtoroho vyda. 
Stroytelnie materyali        ʋ   6    -39. (in Russian). 

4. Koshliakov N. S., Hlyner ɗ  B., Smyrnov M. 0   8UDYQHQ\LD  Y  FKDVWQɵNK 
proyzvodnskh matematycheskoi fyzyky. M.: V. shkola, 1970. 712 s. (in Russian). 

5. Musii R.S., Oryshchyn O.H., Zashkilniak I.M., Klaichuk M.I. Dyferentsialni 
rivniannia ta rivniannia matematychnoi fizyky. Lviv: Rastr-7, 2018. 250 s. (in 
Ukrainian). 

6. Nedoseka A.Ia. Osnovi rascheta svarniNK  NRQVWUXNWV\L   .    9ɵVKFKD  VKkola, 
1988. 263 s. (in Russian). 



ɋɭɱɚɫɧɿ ɩɪɨɛɥɟɦɢ ɚɪɯɿɬɟɤɬɭɪɢ ɬɚ ɦɿɫɬɨɛɭɞɭɜɚɧɧɹ  ȼɢɩɭɫɤ  8. 2020 
 

299

7. Fedosov S. V., Rumiantseva V. E., Fedosova N. L., Smeltsov V. L. 
Modelyrovanye massoperenosa vprotsessakh zhydkostnoi korrozyy betona pervoho 
vyda. Stroytelnie materyali        ʋ   6    -62. (in Russian). 

8. Fedosov S. V., Rumiantseva V. E., Rumiantseva K. E., Khrunov V. A. 
Modelyrovanye pohranychnoho sloia v protsessakh massoperenosa pry zhydkostnoi 
korrozyy zhelezobetonniNK NRQVWUXNWV\L  <]YHVW\LD YɵVVK\NK XFKHEQikh zavedenyi. 
Seryia: Khymyia y khymycheskaia tekhnolohyia. 201    7      ʋ    6     -100. (in 
Russian). 

9. Fedosov S.V., Rumiantseva V.E., Khrunov V.A., Kasianenko N.S., Smeltsov 
9 /   3URKQR]\URYDQ\H  GROKRYHFKQRVW\  VWUR\WHOQɵNK  NRQVWUXNWV\L  V  SR]\WV\L 
UDVFKHWQRKR  \  ɷNVSHU\PHQWDOQRKR  \VVOHGRYDQ\LD  SURWVHVVRY  NRUUR]\\  EHWRQD  
9HVWQ\N  9ROKRKUDGVNRKR  +$68   VHU\LD  ³6WUR\WHOVWYR  \  DUNK\WHNWXUD´   UD]GHO 
³6WUR\WHOQie materyali \ \]GHO\LD´       ʋ        6     -122. (in Russian). 

10. Fedosov S.V., Rumiantseva V.E., Khrunov V.A., Shesterkyn M.E. O 
QHNRWRUɵNK  SUREOHPDNK  WHNKQRORK\\  EH]RSDVnosty y dolhovechnosty zdanyi, 
VRRUX]KHQ\L \ \Q]KHQHUQRL \QIUDVWUXNWXUɵ  6WUR\WHOQie materyali       ʋ   6   -11. 
(in Russian). 

 
Ⱥɧɧɨɬɚɰɢɹ 

ɑɨɜɧɸɤ ɘɪɢɣ ȼɚɫɢɥɶɟɜɢɱ ɤ ɬ ɧ   ɩɪɨɮɟɫɫɨɪ  ɇɚɰɢɨɧɚɥɶɧɵɣ ɭɧɢɜɟɪɫɢɬɟɬ 
ɛɢɨɪɟɫɭɪɫɨɜ ɢ ɩɪɢɪɨɞɨɩɨɥɶɡɨɜɚɧɢɹ ɍɤɪɚɢɧɵ  

ɑɟɪɟɞɧɢɱɟɧɤɨ  ɉɟɬɪ  ɉɟɬɪɨɜɢɱ ɞɨɰɟɧɬ   Ʉɢɟɜɫɤɢɣ  ɧɚɰɢɨɧɚɥɶɧɵɣ 
ɭɧɢɜɟɪɫɢɬɟɬ ɫɬɪɨɢɬɟɥɶɫɬɜɚ ɢ ɚɪɯɢɬɟɤɬɭɪɵ  

Ʉɪɚɜɱɭɤ ȼɥɚɞɢɦɢɪ Ɍɢɦɨɮɟɟɜɢɱ ɤ ɬ ɧ   ɞɨɰɟɧɬ  Ʉɢɟɜɫɤɢɣ ɧɚɰɢɨɧɚɥɶɧɵɣ 
ɭɧɢɜɟɪɫɢɬɟɬ ɫɬɪɨɢɬɟɥɶɫɬɜɚ ɢ ɚɪɯɢɬɟɤɬɭɪɵ  

Ɉɫɬɚɩɭɳɟɧɤɨ  Ɉɥɶɝɚ  ɉɚɜɥɨɜɧɚ ɤ ɬ ɧ    ɞɨɰɟɧɬ   Ʉɢɟɜɫɤɢɣ  ɧɚɰɢɨɧɚɥɶɧɵɣ 
ɭɧɢɜɟɪɫɢɬɟɬ ɫɬɪɨɢɬɟɥɶɫɬɜɚ ɢ ɚɪɯɢɬɟɤɬɭɪɵ  

Ɇɨɞɟɥɢɪɨɜɚɧɢɟ ɩɪɨɰɟɫɫɨɜ ɦɚɫɫɨɩɟɪɟɧɨɫɚ ɩɪɢ ɤɨɪɪɨɡɢɢ ɰɟɦɟɧɬɧɵɯ 
ɛɟɬɨɧɨɜ ɞɨɪɨɠɧɨɣ ɨɞɟɠɞɵ ɢ ɩɨɤɪɵɬɢɣ ɚɷɪɨɞɪɨɦɨɜ  

Ɋɚɫɫɦɨɬɪɟɧɵ ɪɚɡɧɨɜɢɞɧɨɫɬɢ ɤɨɪɪɨɡɢɨɧɧɵɯ ɩɪɨɰɟɫɫɨɜ ɩɪɢ ɜɨɡɞɟɣɫɬɜɢɢ ɧɚ 
ɰɟɦɟɧɬɧɵɟ  ɛɟɬɨɧɵ  ɞɨɪɨɠɧɨɣ  ɨɞɟɠɞɵ  ɢ  ɩɨɤɪɵɬɢɣ  ɚɷɪɨɞɪɨɦɨɜ  ɪɚɡɧɨɨɛɪɚɡɧɵɯ 
ɚɝɪɟɫɫɢɜɧɵɯ  ɫɪɟɞ  ɜ  ɩɪɟɞɟɥɚɯ  ɤɥɚɫɫɢɮɢɤɚɰɢɢ  ɩɨ ȼ Ɇ Ɇɨɫɤɜɢɧɭ  ɢ  ɨɩɢɫɚɧɵ ɢɯ 
ɨɬɥɢɱɢɬɟɥɶɧɵɟ  ɩɪɢɡɧɚɤɢ   ȼ  ɪɚɛɨɬɟ  ɨɬɦɟɱɟɧɨ   ɱɬɨ  ɪɚɡɪɭɲɟɧɢɹ  ɰɟɦɟɧɬɧɵɯ 
ɛɟɬɨɧɨɜ  ɨɩɪɟɞɟɥɹɸɬɫɹ  ɩɪɨɰɟɫɫɚɦɢ  ɦɚɫɫɨɩɟɪɟɧɨɫɚ  ɢ  ɯɢɦɢɱɟɫɤɢɯ  ɪɟɚɤɰɢɣ   ɇɚ 
ɨɫɧɨɜɚɧɢɢ ɷɬɨɝɨ ɞɚɟɬɫɹ ɨɛɨɫɧɨɜɚɧɢɟ ɨɛɨɛɳɟɧɧɨɝɨ ɦɟɬɨɞɨɥɨɝɢɱɟɫɤɨɝɨ ɩɨɞɯɨɞɚ 
ɤ  ɦɨɞɟɥɢɪɨɜɚɧɢɸ  ɩɪɨɰɟɫɫɨɜ  ɦɚɫɫɨɩɟɪɟɧɨɫɚ  ɩɪɢ  ɠɢɞɤɨɫɬɧɨɣ  ɤɨɪɪɨɡɢɢ 
ɫɬɪɨɢɬɟɥɶɧɵɯ ɦɚɬɟɪɢɚɥɨɜ  Ⱦɥɹ ɤɨɪɪɨɡɢɣ , ɢ ,, ɜɢɞɨɜ ɩɨɥɭɱɟɧɵ ɚɧɚɥɢɬɢɱɟɫɤɢɟ 
ɪɟɲɟɧɢɹ  ɞɥɹ  ɤɨɧɤɪɟɬɧɵɯ ɧɚɱɚɥɶɧɵɯ ɢ  ɝɪɚɧɢɱɧɵɯ  ɭɫɥɨɜɢɣ  ɡɚɞɚɱɢ. Ɋɚɡɪɚɛɨɬɤɚ 
ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ ɦɨɞɟɥɟɣ ɩɪɨɰɟɫɫɨɜ ɤɨɪɨɡɢɢ ɛɟɬɨɧɨɜ ɛɚɡɢɪɭɟɬɫɹ ɧɚ ɮɢɡɢɱɟɫɤɢɯ 
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ɦɨɞɟɥɹɯ  ɞɢɮɮɭɡɢɢ  ɤɨɦɩɨɧɟɧɬɨɜ   ɤɨɬɨɪɵɟ  ɩɟɪɟɧɨɫɹɬɫɹ  ɭ  ɩɨɪɢɫɬɨɣ  ɫɬɪɭɤɬɭɪɟ 
ɛɟɬɨɧɚ   ɢ  ɦɚɬɟɦɚɬɢɱɟɫɤɨɦ  ɚɩɩɚɪɚɬɟ  ɝɪɚɧɢɱɧɵɯ  ɡɚɞɚɱ  ɦɚɫɫɨɩɟɪɟɧɨɫɚ  ɫ 
ɢɫɩɨɥɶɡɨɜɚɧɢɟɦ  ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ  ɭɪɚɜɧɟɧɢɣ  ɜ  ɱɚɫɬɧɵɯ  ɩɪɨɢɡɜɨɞɧɵɯ 
ɩɚɪɚɛɨɥɢɱɟɫɤɨɝɨ  ɬɢɩɚ  ȼ  ɪɚɛɨɬɚɯ   ɧɚ  ɤɨɬɨɪɵɟ  ɩɨɫɵɥɚɸɬɫɹ  ɚɜɬɨɪɵ   ɩɪɢɜɟɞɟɧɵ 
ɪɟɡɭɥɶɬɚɬɵ  ɪɚɡɪɚɛɨɬɤɢ  ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ  ɦɨɞɟɥɟɣ  ɩɪɨɰɟɫɫɨɜ  ɤɨɪɪɨɡɢɢ  ɛɟɬɨɧɚ 
ɩɟɪɜɨɝɨ  ɜɢɞɚ   ɚ  ɬɚɤɠɟ  ɪɟɡɭɥɶɬɚɬɵ  ɩɪɚɤɬɢɱɟɫɤɨɝɨ  ɩɪɢɦɟɧɟɧɢɹ  ɩɪɢɜɟɞɟɧɧɵɯ 
ɦɚɬɟɦɚɬɢɱɟɫɤɢɯ  ɦɨɞɟɥɟɣ   Ɉɞɧɚɤɨ  ɩɨɥɭɱɟɧɧɵɟ  ɪɟɡɭɥɶɬɚɬɵ  ɧɟ  ɜɵɞɟɪɠɢɜɚɸɬ 
ɧɢɤɚɤɨɣ  ɤɪɢɬɢɤɢ  ɫ  ɬɨɱɤɢ  ɡɪɟɧɢɹ  ɦɟɬɨɞɨɜ  ɢ  ɩɨɞɯɨɞɨɜ  ɤɥɚɫɫɢɱɟɫɤɨɣ 
ɦɚɬɟɦɚɬɢɱɟɫɤɨɣ  ɮɢɡɢɤɢ   ȼ  ɞɚɧɧɨɦ  ɢɫɫɥɟɞɨɜɚɧɢɢ  ɷɬɢ  ɨɲɢɛɤɢ   ɧɟɬɨɱɧɨɫɬɢ  
ɧɟɫɨɨɬɜɟɬɫɬɜɢɹ ɢ ɧɟɤɨɪɪɟɤɬɧɨɫɬɢ ɭɤɚɡɚɧɧɵɯ ɪɚɛɨɬ ɭɫɬɪɚɧɟɧɵ   

Ʉɥɸɱɟɜɵɟ  ɫɥɨɜɚ  ɰɟɦɟɧɬ; ɛɟɬɨɧ; ɤɨɪɪɨɡɢɹ; ɦɚɫɫɨɩɟɪɟɧɨɫ; ɞɨɪɨɠɧɚɹ 
ɨɞɟɠɞɚ; ɩɨɤɪɵɬɢɟ ɚɷɪɨɞɪɨɦɨɜ; ɦɨɞɟɥɢɪɨɜɚɧɢɟ; ɚɧɚɥɢɬɢɱɟɫɤɢɟ ɪɟɲɟɧɢɹ  
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Varieties of corrosion processes under the action of various corrosive 

environments on the cement concretes for pavement and airfield coatings within the 
classification by V.M. Moskvin are considered and their distinctive features are 
described. It is noted in the work that the rate of destruction of cement concretes is 
determined by the processes of mass transfer and chemical reactions. On this basis, 
we provide the substantiation of a generalized methodological approach to modeling 
the processes of mass transfer during liquid corrosion of building materials. For 
corrosion types I and II, analytical solutions are obtained for specific initial and 
boundary conditions of the problem. 

Development of mathematical models of concrete corrosion processes is based 
on the physical models of diffusion of components that are imbedded in the porous 
structure of concrete and the mathematical apparatus of boundary problems of mass 
transfer using differential equations in partial derivatives of parabolic type. The 
works, to which the authors  refer, provide the results of the development of 
mathematical models of the processes of corrosion of concrete of the first type, as 
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well as the results of the practical application of these mathematical models. 
However, the results obtained cannot withstand scrutiny in terms of methods and 
approaches of classical mathematical physics.  

In this study, these errors, inaccuracies, inconsistencies and incorrectness of the 
abovementioned works are eliminated. At the same time,  models of corrosion of 
concretes of the first and second types are taken into account. An undoubtedly 
positive aspect of the dependences obtained in the study is the possibility of solving 
the inverse problem, when the actual experimental data using this model make it 
possible to predict the numerical values of free calcium hydroxide, which, as a result, 
with a minimum error allows to predict the long-term durability of structures and 
buildings. 

Key words: cement; concrete; corrosion; mass transfer; road pavement; airfield 
coating; modeling; analytical solutions. 
 

 


