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ɈɐȿɇɄȺ ɉɈȽɊȿɒɇɈɋɌɂ ȾɂɋɄɊȿɌɇɈȽɈ ɆɈȾȿɅɂɊɈȼȺɇɂə 
ɋɉɈɋɈȻɈɆ ȽɂɉȿɊȻɈɅɂɑȿɋɄɈɃ ɂɇɌȿɊɉɈɅəɐɂɂ 

 
Ⱥɧɧɨɬɚɰɢɹ: ɜ ɡɚɞɚɱɚɯ ɞɢɫɤɪɟɬɧɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ  ɧɚɩɪɢɦɟɪ  ɩɪɢ ɪɟɲɟɧɢɢ 

ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɦɟɬɨɞɨɦ ɤɨɧɟɱɧɵɯ ɪɚɡɧɨɫɬɟɣ  ɬɨɱɧɨɫɬɶ ɪɟɲɟɧɢɹ 
ɡɚɞɚɱɢ  ɡɚɜɢɫɢɬ  ɨɬ  ɲɚɝɚ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ  [1]   ɋ  ɭɜɟɥɢɱɟɧɢɟɦ  ɲɚɝɚ  ɬɨɱɧɨɫɬɶ 
ɢɫɫɥɟɞɨɜɚɧɢɣ  ɫɧɢɠɚɟɬɫɹ   ɚ  ɩɪɢ  ɭɦɟɧɶɲɟɧɢɢ  ± ɩɨɜɵɲɚɟɬɫɹ   Ɉɞɧɚɤɨ  
ɭɦɟɧɶɲɟɧɢɟ  ɲɚɝɚ  ɫ  ɨɞɧɨɣ  ɫɬɨɪɨɧɵ  ɜɟɞɺɬ  ɤ  ɭɜɟɥɢɱɟɧɢɸ  ɱɢɫɥɚ 
ɤɨɧɟɱɧɨɪɚɡɧɨɫɬɧɵɯ  ɭɪɚɜɧɟɧɢɣ   ɚ  ɫ  ɞɪɭɝɨɣ  ɫɬɨɪɨɧɵ  ± ɩɪɢ  ɧɟɨɝɪɚɧɢɱɟɧɧɨɦ 
ɭɦɟɧɶɲɟɧɢɢ  ɲɚɝɚ  ɜɨɡɧɢɤɚɟɬ  ɫɢɬɭɚɰɢɹ   ɤɨɝɞɚ  ɩɨɝɪɟɲɧɨɫɬɶ  ɨɤɪɭɝɥɟɧɢɹ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ  ɜ  ɤɨɧɟɱɧɨɪɚɡɧɨɫɬɧɵɯ  ɭɪɚɜɧɟɧɢɹɯ  ɩɪɟɜɵɲɚɟɬ  ɩɨɝɪɟɲɧɨɫɬɶ 
ɞɢɫɤɪɟɬɢɡɚɰɢɢ   Ʉɚɠɞɨɟ  ɪɟɲɟɧɢɟ  ɫ  ɭɦɟɧɶɲɟɧɢɟɦ  ɲɚɝɚ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ  ɞɚɺɬ 
ɛɨɥɟɟ  ɬɨɱɧɵɣ  ɪɟɡɭɥɶɬɚɬ   ɤɨɬɨɪɵɣ  ɦɨɧɨɬɨɧɧɨ  ɢɡɦɟɧɹɟɬɫɹ   ɩɪɢɛɥɢɠɚɹɫɶ  ɤ 
ɬɨɱɧɨɦɭ ɡɧɚɱɟɧɢɸ  

ȿɫɥɢ ɲɚɝ ɞɢɫɤɪɟɬɢɡɚɰɢɢ ɩɪɟɞɫɬɚɜɢɬɶ ɤɚɤ ɧɟɤɨɬɨɪɭɸ ɜɟɥɢɱɢɧɭ  ɞɥɢɧɭ   ɬɨ 
ɩɪɢ ɱɢɫɥɟ  ɞɟɥɟɧɢɣ   ɫɬɪɟɦɹɳɟɦɫɹ  ɤ  ɛɟɫɤɨɧɟɱɧɨɫɬɢ  ɲɚɝ  ɫɬɪɟɦɢɬɫɹ  ɤ ɧɭɥɸ  ȼɨ 
ɦɧɨɝɢɯ  ɪɚɛɨɬɚɯ  ɷɬɚ  ɡɚɜɢɫɢɦɨɫɬɶ  ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ  ɜ  ɜɢɞɟ  ɪɚɜɧɨɫɬɨɪɨɧɧɟɣ 
ɝɢɩɟɪɛɨɥɵ  ɨɫɢ ɤɨɬɨɪɨɣ ɩɚɪɚɥɥɟɥɶɧɵ ɤɨɨɪɞɢɧɚɬɧɵɦ ɨɫɹɦ ɞɟɤɚɪɬɨɜɨɣ ɫɢɫɬɟɦɵ 
ɤɨɨɪɞɢɧɚɬ  ɪɢɫ      ɝɞɟ ɜɞɨɥɶ ɨɫɢ ɚɛɫɰɢɫɫ ɨɬɤɥɚɞɵɜɚɟɬɫɹ ɲɚɝ ɞɢɫɤɪɟɬɢɡɚɰɢɢ  ɚ 
ɜɞɨɥɶ ɨɫɢ ɨɪɞɢɧɚɬ ± ɪɟɡɭɥɶɬɚɬ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ  

Ʉɥɸɱɟɜɵɟ ɫɥɨɜɚ  ɩɨɝɪɟɲɧɨɫɬɶ, ɞɢɫɤɪɟɬɧɨɟ  ɦɨɞɟɥɢɪɨɜɚɧɢɟ, ɝɢɩɟɪɛɨɥɚ, 
ɢɧɬɟɪɩɨɥɹɰɢɹ, ɷɤɫɬɪɚɩɨɥɹɰɢɹ, ɲɚɝ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ, ɪɟɡɭɥɶɬɚɬ  ɪɟɲɟɧɢɹ, 
ɩɚɪɚɦɟɬɪ. 

 
ɉɨɫɬɚɧɨɜɤɚ  ɩɪɨɛɥɟɦɵ. ɉɪɢ  ɪɟɲɟɧɢɢ  ɡɚɞɚɱ  ɞɢɫɤɪɟɬɧɨɝɨ  ɦɨɞɟɥɢɪɨɜɚɧɢɹ  

ɧɚɩɪɢɦɟɪ   ɩɪɢ  ɪɟɲɟɧɢɢ  ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ  ɭɪɚɜɧɟɧɢɣ  ɦɟɬɨɞɨɦ  ɤɨɧɟɱɧɵɯ 
ɪɚɡɧɨɫɬɟɣ   ɬɨɱɧɨɫɬɶ  ɪɟɲɟɧɢɹ  ɡɚɞɚɱɢ  ɡɚɜɢɫɢɬ  ɨɬ  ɲɚɝɚ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ   ɋ 
ɭɜɟɥɢɱɟɧɢɟɦ  ɲɚɝɚ  ɬɨɱɧɨɫɬɶ  ɢɫɫɥɟɞɨɜɚɧɢɣ  ɫɧɢɠɚɟɬɫɹ   ɚ  ɩɪɢ  ɭɦɟɧɶɲɟɧɢɢ  ± 
ɩɨɜɵɲɚɟɬɫɹ  Ɉɞɧɚɤɨ   ɭɦɟɧɶɲɟɧɢɟ ɲɚɝɚ  ɫ  ɨɞɧɨɣ  ɫɬɨɪɨɧɵ ɜɟɞɺɬ  ɤ  ɭɜɟɥɢɱɟɧɢɸ 
ɱɢɫɥɚ  ɤɨɧɟɱɧɨɪɚɡɧɨɫɬɧɵɯ  ɭɪɚɜɧɟɧɢɣ   ɚ  ɫ  ɞɪɭɝɨɣ  ɫɬɨɪɨɧɵ  ± ɩɪɢ 
ɧɟɨɝɪɚɧɢɱɟɧɧɨɦ  ɭɦɟɧɶɲɟɧɢɢ  ɲɚɝɚ  ɜɨɡɧɢɤɚɟɬ  ɫɢɬɭɚɰɢɹ   ɤɨɝɞɚ  ɩɨɝɪɟɲɧɨɫɬɶ 
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ɨɤɪɭɝɥɟɧɢɹ  ɤɨɷɮɮɢɰɢɟɧɬɨɜ  ɜ  ɤɨɧɟɱɧɨɪɚɡɧɨɫɬɧɵɯ  ɭɪɚɜɧɟɧɢɹɯ  ɩɪɟɜɵɲɚɟɬ 
ɩɨɝɪɟɲɧɨɫɬɶ ɞɢɫɤɪɟɬɢɡɚɰɢɢ  

ȼɨ  ɦɧɨɝɢɯ  ɫɥɭɱɚɹɯ  ɩɨɧɹɬɢɟ  ɷɤɫɬɪɚɩɨɥɹɰɢɢ  ɭɩɨɬɪɟɛɥɹɟɬɫɹ  ɜ  ɤɚɱɟɫɬɜɟ 
ɩɪɨɬɢɜɨɩɨɫɬɚɜɥɟɧɢɹ  ɩɨɧɹɬɢɸ  ɢɧɬɟɪɩɨɥɹɰɢɢ   Ɉɞɧɚɤɨ   ɩɨɫɤɨɥɶɤɭ  ɡɚɞɚɱɢ 
ɷɤɫɬɪɚɩɨɥɹɰɢɢ  ɮɭɧɤɰɢɣ  ɪɟɲɚɸɬɫɹ  ɦɟɬɨɞɚɦɢ  ɢɧɬɟɪɩɨɥɹɰɢɢ   ɨɛɚ  ɤɥɚɫɫɚ  ɡɚɞɚɱ 
ɛɵɥɢ  ɨɛɴɟɞɢɧɟɧɵ ɜ  ɨɞɧɭ  ɩɪɨɛɥɟɦɭ  ɢɧɬɟɪɩɨɥɹɰɢɢ   ɉɨɷɬɨɦɭ  ɞɚɧɧɨɟ 
ɢɫɫɥɟɞɨɜɚɧɢɟ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɤɚɤ ɨɬɞɟɥɶɧɵɣ ɫɥɭɱɚɣ ɢɧɬɟɪɩɨɥɹɰɢɢ  

Ɏɨɪɦɭɥɢɪɨɜɚɧɢɟ  ɰɟɥɟɣ  ɫɬɚɬɶɢ. ɐɟɥɶɸ  ɞɚɧɧɨɝɨ  ɢɫɫɥɟɞɨɜɚɧɢɹ  ɹɜɥɹɟɬɫɹ 
ɫɨɡɞɚɧɢɟ  ɝɟɨɦɟɬɪɢɱɟɫɤɨɝɨ  ɚɩɩɚɪɚɬɚ   ɩɨɡɜɨɥɹɸɳɟɝɨ  ɨɰɟɧɢɜɚɬɶ  ɩɨɝɪɟɲɧɨɫɬɶ 
ɞɢɫɤɪɟɬɧɨɝɨ ɦɨɞɟɥɢɪɨɜɚɧɢɹ  ɫɩɨɫɨɛɨɦ  ɝɢɩɟɪɛɨɥɢɱɟɫɤɨɣ  ɢɧɬɟɪɩɨɥɹɰɢɢ  ɫ 
ɛɟɫɤɨɧɟɱɧɨ  ɦɚɥɵɦ  ɲɚɝɨɦ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ  ɩɪɢ  ɬɪɺɯ  ɡɚɞɚɧɧɵɯ  ɡɧɚɱɟɧɢɹɯ 
ɪɟɡɭɥɶɬɚɬɨɜ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ  

Ⱥɧɚɥɢɡ  ɩɨɫɥɟɞɧɢɯ  ɢɫɫɥɟɞɨɜɚɧɢɣ  ɂɡɜɟɫɬɧɨ  [1, 2]   ɱɬɨ  ɚɧɚɥɢɡ 
ɩɨɝɪɟɲɧɨɫɬɟɣ   ɤɨɬɨɪɵɟ  ɜɨɡɧɢɤɚɸɬ  ɜ  ɱɢɫɥɟɧɧɵɯ  ɪɟɡɭɥɶɬɚɬɚɯ  ɪɟɲɟɧɢɹ  ɡɚɞɚɱ  
ɹɜɥɹɟɬɫɹ ɨɛɹɡɚɬɟɥɶɧɨɣ ɱɚɫɬɶɸ ɥɸɛɨɝɨ ɩɪɢɛɥɢɠɟɧɧɨɝɨ ɜɵɱɢɫɥɟɧɢɹ  ȼɨ ɦɧɨɝɢɯ 
ɪɚɛɨɬɚɯ ɷɬɚ ɡɚɜɢɫɢɦɨɫɬɶ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ ɜɢɞɟ ɪɚɜɧɨɫɬɨɪɨɧɧɟɣ ɝɢɩɟɪɛɨɥɵ   

ȼɨ  ɦɧɨɝɢɯ  ɫɥɭɱɚɹɯ  ɩɨɧɹɬɢɟ  ɷɤɫɬɪɚɩɨɥɹɰɢɢ  ɭɩɨɬɪɟɛɥɹɟɬɫɹ  ɜ  ɤɚɱɟɫɬɜɟ 
ɩɪɨɬɢɜɨɩɨɫɬɚɜɥɟɧɢɹ  ɩɨɧɹɬɢɸ  ɢɧɬɟɪɩɨɥɹɰɢɢ [3]   Ɉɞɧɚɤɨ   ɩɨɫɤɨɥɶɤɭ  ɡɚɞɚɱɢ 
ɷɤɫɬɪɚɩɨɥɹɰɢɢ  ɮɭɧɤɰɢɣ  ɪɟɲɚɸɬɫɹ  ɦɟɬɨɞɚɦɢ  ɢɧɬɟɪɩɨɥɹɰɢɢ   ɨɛɚ  ɤɥɚɫɫɚ  ɡɚɞɚɱ 
ɛɵɥɢ ɨɛɴɟɞɢɧɟɧɵ ɜ ɨɞɧɭ ɩɪɨɛɥɟɦɭ ɢɧɬɟɪɩɨɥɹɰɢɢ [4]. 

Ɉɫɧɨɜɧɚɹ ɱɚɫɬɶ. ȼ  ɡɚɞɚɱɚɯ  ɞɢɫɤɪɟɬɧɨɝɨ  ɦɨɞɟɥɢɪɨɜɚɧɢɹ   ɧɚɩɪɢɦɟɪ   ɩɪɢ 
ɪɟɲɟɧɢɢ ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɯ ɭɪɚɜɧɟɧɢɣ ɦɟɬɨɞɨɦ ɤɨɧɟɱɧɵɯ ɪɚɡɧɨɫɬɟɣ  ɬɨɱɧɨɫɬɶ 
ɪɟɲɟɧɢɹ  ɡɚɞɚɱɢ  ɡɚɜɢɫɢɬ  ɨɬ  ɲɚɝɚ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ  [1]   ɋ  ɭɜɟɥɢɱɟɧɢɟɦ  ɲɚɝɚ 
ɬɨɱɧɨɫɬɶ  ɢɫɫɥɟɞɨɜɚɧɢɣ  ɫɧɢɠɚɟɬɫɹ   ɚ  ɩɪɢ  ɭɦɟɧɶɲɟɧɢɢ  ± ɩɨɜɵɲɚɟɬɫɹ  Ɉɞɧɚɤɨ  
ɭɦɟɧɶɲɟɧɢɟ  ɲɚɝɚ  ɫ  ɨɞɧɨɣ  ɫɬɨɪɨɧɵ  ɜɟɞɺɬ  ɤ  ɭɜɟɥɢɱɟɧɢɸ  ɱɢɫɥɚ 
ɤɨɧɟɱɧɨɪɚɡɧɨɫɬɧɵɯ  ɭɪɚɜɧɟɧɢɣ   ɚ  ɫ  ɞɪɭɝɨɣ  ɫɬɨɪɨɧɵ  ± ɩɪɢ  ɧɟɨɝɪɚɧɢɱɟɧɧɨɦ 
ɭɦɟɧɶɲɟɧɢɢ  ɲɚɝɚ  ɜɨɡɧɢɤɚɟɬ  ɫɢɬɭɚɰɢɹ   ɤɨɝɞɚ  ɩɨɝɪɟɲɧɨɫɬɶ  ɨɤɪɭɝɥɟɧɢɹ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ  ɜ  ɤɨɧɟɱɧɨɪɚɡɧɨɫɬɧɵɯ  ɭɪɚɜɧɟɧɢɹɯ  ɩɪɟɜɵɲɚɟɬ  ɩɨɝɪɟɲɧɨɫɬɶ 
ɞɢɫɤɪɟɬɢɡɚɰɢɢ   Ʉɚɠɞɨɟ  ɪɟɲɟɧɢɟ  ɫ  ɭɦɟɧɶɲɟɧɢɟɦ  ɲɚɝɚ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ  ɞɚɺɬ 
ɛɨɥɟɟ  ɬɨɱɧɵɣ  ɪɟɡɭɥɶɬɚɬ   ɤɨɬɨɪɵɣ  ɦɨɧɨɬɨɧɧɨ  ɢɡɦɟɧɹɟɬɫɹ   ɩɪɢɛɥɢɠɚɹɫɶ  ɤ 
ɬɨɱɧɨɦɭ ɡɧɚɱɟɧɢɸ  

ȿɫɥɢ ɲɚɝ ɞɢɫɤɪɟɬɢɡɚɰɢɢ  h) ɩɪɟɞɫɬɚɜɢɬɶ ɤɚɤ ɧɟɤɨɬɨɪɭɸ ɜɟɥɢɱɢɧɭ  ɞɥɢɧɭ   
ɪɚɡɞɟɥɺɧɧɭɸ ɧɚ  

n

l
h   

ɱɚɫɬɟɣ  ɬɨ ɩɪɢ n   .0h  
ȼɨ ɦɧɨɝɢɯ ɪɚɛɨɬɚɯ ɷɬɚ ɡɚɜɢɫɢɦɨɫɬɶ ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ ɜ ɜɢɞɟ ɪɚɜɧɨɫɬɨɪɨɧɧɟɣ 

ɝɢɩɟɪɛɨɥɵ m  ɪɢɫ      
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ɝɞɟ ɫ ± ɞɥɢɧɚ ɞɟɣɫɬɜɢɬɟɥɶɧɨɣ ɩɨɥɭɨɫɢ ɝɢɩɟɪɛɨɥɵ  
p, q ± ɤɨɨɪɞɢɧɚɬɵ ɰɟɧɬɪɚ ɝɢɩɟɪɛɨɥɵ  

Ɉɫɢ  ɝɢɩɟɪɛɨɥɵ       ɩɚɪɚɥɥɟɥɶɧɵ  ɤɨɨɪɞɢɧɚɬɧɵɦ ɨɫɹɦ ɞɟɤɚɪɬɨɜɨɣ  ɫɢɫɬɟɦɵ 
ɤɨɨɪɞɢɧɚɬ   ɪɢɫ        ɝɞɟ  ɜɞɨɥɶ  ɨɫɢ  ɚɛɫɰɢɫɫ  ɨɬɤɥɚɞɵɜɚɟɬɫɹ  ɲɚɝ  h   ɚ  ɜɞɨɥɶ  ɨɫɢ 
ɨɪɞɢɧɚɬ ± ɪɟɡɭɥɶɬɚɬ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ  
 

 
Ɋɢɫ    

 
Ɋɚɜɧɨɫɬɨɪɨɧɧɹɹ  ɝɢɩɟɪɛɨɥɚ  ɜɵɛɢɪɚɟɬɫɹ  ɞɥɹ  ɬɨɝɨ   ɱɬɨɛɵ  ɨɛɟɫɩɟɱɢɬɶ 

ɜɡɚɢɦɧɨ-ɨɞɧɨɡɧɚɱɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɦɟɠɞɭ ɬɨɱɤɚɦɢ ɤɨɨɪɞɢɧɚɬɧɵɯ ɨɫɟɣ  
Ƚɢɩɟɪɛɨɥɚ       ɢɦɟɟɬ  ɬɪɢ  ɫɜɨɛɨɞɧɵɯ  ɩɚɪɚɦɟɬɪɚ   ɪ, q ɢ  ɫ   ɱɬɨ  ɩɨɡɜɨɥɹɟɬ 

ɩɪɨɜɨɞɢɬɶ ɟɺ ɱɟɪɟɡ ɬɪɢ ɬɨɱɤɢ  ɹɜɥɹɸɳɢɟɫɹ ɪɟɡɭɥɶɬɚɬɚɦɢ ɬɪɺɯ ɪɟɲɟɧɢɣ ɡɚɞɚɱɢ 
ɩɪɢ ɪɚɡɥɢɱɧɨɦ ɲɚɝɟ  

ɉɚɪɚɦɟɬɪɵ  ɪ, q ɢ  ɫ ɨɩɪɟɞɟɥɹɸɬɫɹ  ɩɪɢ  ɪɟɲɟɧɢɢ  ɫɢɫɬɟɦɵ  ɥɢɧɟɣɧɵɯ 
ɭɪɚɜɧɟɧɢɣ  ɟɫɥɢ ɜ ɭɪɚɜɧɟɧɢɟ     ɩɨɨɱɟɪɺɞɧɨ ɩɨɞɫɬɚɜɢɬɶ ɤɨɨɪɞɢɧɚɬɵ ɢɡɜɟɫɬɧɵɯ 
ɬɨɱɟɤ Ⱥ (xA,yA), B (xB,yB) ɢ C (xC,yC): 
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ȼ ɪɟɡɭɥɶɬɚɬɟ ɪɟɲɟɧɢɹ ɫɢɫɬɟɦɵ     ɨɩɪɟɞɟɥɹɟɦ ɩɨɥɨɠɟɧɢɟ ɚɫɢɦɩɬɨɬɵ  ɤɨɬɨɪɚɹ 
ɩɚɪɚɥɥɟɥɶɧɚ ɨɫɢ Ox: 

.
)()()(

)()()(

ABCACBBCA

ABCCACBBBCAA

yyxyyxyyx

yyyxyyyxyyyx
q

 
(3) 

ȼɟɥɢɱɢɧɚ q ɹɜɥɹɟɬɫɹ ɢɫɤɨɦɵɦ ɪɟɡɭɥɶɬɚɬɨɦ ɪɟɲɟɧɢɹ  ɡɚɞɚɱɢ  ɫ ɛɟɫɤɨɧɟɱɧɨ 
ɦɚɥɵɦ ɲɚɝɨɦ ɞɢɫɤɪɟɬɢɡɚɰɢɢ  ɤɨɝɞɚ n ͘ 

ɉɨ  ɫɭɬɢ   ɨɩɢɫɚɧɧɵɣ  ɫɩɨɫɨɛ  ɧɟ  ɹɜɥɹɟɬɫɹ  ɪɟɲɟɧɢɟɦ  ɡɚɞɚɱɢ  ɢɧɬɟɪɩɨɥɹɰɢɢ  
ɩɨɫɤɨɥɶɤɭ ɩɨɢɫɤ ɡɧɚɱɟɧɢɹ ɮɭɧɤɰɢɢ ɡɚ ɩɪɟɞɟɥɚɦɢ ɢɧɬɟɪɜɚɥɚ ɦɟɠɞɭ ɡɚɞɚɧɧɵɦɢ 
ɬɨɱɤɚɦɢ   ɚ  ɢɦɟɧɧɨ  ɨɪɞɢɧɚɬɚ  ɛɟɫɤɨɧɟɱɧɨ  ɭɞɚɥɺɧɧɨɣ  ɬɨɱɤɢ  ɢɧɬɟɪɩɨɥɹɧɬɚ  
ɹɜɥɹɟɬɫɹ ɡɚɞɚɱɟɣ ɷɤɫɬɪɚɩɨɥɹɰɢɢ   

ȼɨ  ɦɧɨɝɢɯ  ɫɥɭɱɚɹɯ  ɩɨɧɹɬɢɟ  ɷɤɫɬɪɚɩɨɥɹɰɢɢ  ɭɩɨɬɪɟɛɥɹɟɬɫɹ  ɜ  ɤɚɱɟɫɬɜɟ 
ɩɪɨɬɢɜɨɩɨɫɬɚɜɥɟɧɢɹ  ɩɨɧɹɬɢɸ  ɢɧɬɟɪɩɨɥɹɰɢɢ [3]   Ɉɞɧɚɤɨ   ɩɨɫɤɨɥɶɤɭ  ɡɚɞɚɱɢ 
ɷɤɫɬɪɚɩɨɥɹɰɢɢ  ɮɭɧɤɰɢɣ  ɪɟɲɚɸɬɫɹ  ɦɟɬɨɞɚɦɢ  ɢɧɬɟɪɩɨɥɹɰɢɢ   ɨɛɚ  ɤɥɚɫɫɚ  ɡɚɞɚɱ 
ɛɵɥɢ  ɨɛɴɟɞɢɧɟɧɵ  ɜ  ɨɞɧɭ  ɩɪɨɛɥɟɦɭ  ɢɧɬɟɪɩɨɥɹɰɢɢ  [4]   ɉɨɷɬɨɦɭ  ɞɚɧɧɨɟ 
ɢɫɫɥɟɞɨɜɚɧɢɟ ɪɚɫɫɦɚɬɪɢɜɚɟɬɫɹ ɤɚɤ ɨɬɞɟɥɶɧɵɣ ɫɥɭɱɚɣ ɢɧɬɟɪɩɨɥɹɰɢɢ  

ɉɪɢɦɟɪ  
ɉɭɫɬɶ ɪɟɡɭɥɶɬɚɬɨɦ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ ɫ ɲɚɝɨɦ ɞɢɫɤɪɟɬɢɡɚɰɢɢ  l/n ɹɜɥɹɟɬɫɹ    

ɭɫɥɨɜɧɵɯ ɟɞɢɧɢɰ  ɫ ɲɚɝɨɦ 2l/n ± 8 ɭ ɟ   ɫ ɲɚɝɨɦ 3l/n ± 7 ɭ ɟ   ɪɢɫ      
ɉɨɞɫɬɚɜɥɹɹ  ɤɨɨɪɞɢɧɚɬɵ  ɬɨɱɟɤ  Ⱥ, ȼ ɢ  ɋ ɩɨɨɱɟɪɺɞɧɨ  ɜ       ɨɩɪɟɞɟɥɹɟɦ 

ɚɫɢɦɩɬɨɬɭ Su ɝɢɩɟɪɛɨɥɵ  
q=4. 

 
ȼɵɜɨɞɵ  Ɋɟɡɭɥɶɬɚɬɨɦ  ɞɚɧɧɨɝɨ  ɢɫɫɥɟɞɨɜɚɧɢɹ  ɹɜɥɹɟɬɫɹ  ɫɨɡɞɚɧɢɟ 

ɝɟɨɦɟɬɪɢɱɟɫɤɨɝɨ  ɚɩɩɚɪɚɬɚ   ɤɨɬɨɪɵɣ  ɩɨɡɜɨɥɹɟɬ  ɨɰɟɧɢɜɚɬɶ  ɩɨɝɪɟɲɧɨɫɬɶ 
ɞɢɫɤɪɟɬɧɨɝɨ  ɦɨɞɟɥɢɪɨɜɚɧɢɹ  ɫɩɨɫɨɛɨɦ  ɝɢɩɟɪɛɨɥɢɱɟɫɤɨɣ  ɢɧɬɟɪɩɨɥɹɰɢɢ  ɫ 
ɛɟɫɤɨɧɟɱɧɨ  ɦɚɥɵɦ  ɲɚɝɨɦ  ɞɢɫɤɪɟɬɢɡɚɰɢɢ  ɩɪɢ  ɬɪɺɯ  ɡɚɞɚɧɧɵɯ  ɡɧɚɱɟɧɢɹɯ 
ɪɟɡɭɥɶɬɚɬɨɜ ɪɟɲɟɧɢɹ ɡɚɞɚɱɢ  

ɉɟɪɫɩɟɤɬɢɜɧɵɦ  ɧɚɩɪɚɜɥɟɧɢɟɦ  ɷɬɨɝɨ  ɢɫɫɥɟɞɨɜɚɧɢɹ  ɩɪɟɞɫɬɚɜɥɹɟɬɫɹ 
ɭɜɟɥɢɱɟɧɢɟ  ɱɢɫɥɚ  ɫɜɨɛɨɞɧɵɯ  ɩɚɪɚɦɟɬɪɨɜ  ɝɢɩɟɪɛɨɥɢɱɟɫɤɨɣ  ɡɚɜɢɫɢɦɨɫɬɢ  
ɩɨɡɜɨɥɹɸɳɟɣ  ɭɱɢɬɵɜɚɬɶ  ɛɨɥɶɲɟ  ɬɪɺɯ  ɪɟɡɭɥɶɬɚɬɨɜ  ɪɟɲɟɧɢɹ  ɡɚɞɚɱɢ  ɜ 
ɞɢɫɤɪɟɬɧɨɦ ɜɢɞɟ  
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ɬɟɯɧɢɤɨ-ɬɟɨɪɟɬɢɱɟɫɤɨɣ ɥɢɬɟɪɚɬɭɪɵ   Ɇ  - Ʌ         ± 458 ɫ  
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Ⱥɧɨɬɚɰɿɹ 
Ɇɨɫɬɨɜɟɧɤɨ  Ɉɥɟɤɫɚɧɞɪ  ȼɨɥɨɞɢɦɢɪɨɜɢɱ  ɞɨɰɟɧɬ  ɤɚɮɟɞɪɢ  ɧɚɪɢɫɧɨʀ 

ɝɟɨɦɟɬɪɿʀ  ɬɚ  ɿɧɠɟɧɟɪɧɨɣ  ɝɪɚɮɿɤɢ  Ʉɢʀɜɫɶɤɨɝɨ  ɧɚɰɿɨɧɚɥɶɧɨɝɨ  ɭɧɿɜɟɪɫɢɬɟɬɚ 
ɛɭɞɿɜɧɢɰɬɜɚ ɬɚ ɚɪɯɿɬɟɤɬɭɪɢ  

Ɉɰɿɧɤɚ ɩɨɯɢɛɤɢ ɞɢɫɤɪɟɬɧɨɝɨ ɦɨɞɟɥɸɜɚɧɧɹ ɫɩɨɫɨɛɨɦ ɝɿɩɟɪɛɨɥɿɱɧɨʀ 
ɿɧɬɟɪɩɨɥɹɰɿʀ  

ɍ  ɡɚɞɚɱɚɯ  ɞɢɫɤɪɟɬɧɨɝɨ  ɦɨɞɟɥɸɜɚɧɧɹ   ɧɚɩɪɢɤɥɚɞ   ɩɪɢ  ɜɢɪɿɲɟɧɧɿ 
ɞɢɮɟɪɟɧɰɿɚɥɶɧɢɯ  ɪɿɜɧɹɧɶ  ɦɟɬɨɞɨɦ  ɫɤɿɧɱɟɧɢɯ  ɪɿɡɧɢɰɶ   ɬɨɱɧɿɫɬɶ  ɜɢɪɿɲɟɧɧɹ 
ɡɚɞɚɱɿ  ɡɚɥɟɠɢɬɶ  ɜɿɞ  ɤɪɨɤɭ  ɞɢɫɤɪɟɬɢɡɚɰɿʀ  > @   Ɂɿ  ɡɛɿɥɶɲɟɧɧɹɦ  ɤɪɨɤɭ  ɬɨɱɧɿɫɬɶ 
ɞɨɫɥɿɞɠɟɧɶ  ɡɧɢɠɭɽɬɶɫɹ   ɚ  ɩɪɢ  ɡɦɟɧɲɟɧɧɿ  - ɩɿɞɜɢɳɭɽɬɶɫɹ   Ɉɞɧɚɤ   ɡɦɟɧɲɟɧɧɹ 
ɤɪɨɤɭ ɡ ɨɞɧɨɝɨ ɛɨɤɭ ɜɟɞɟ ɞɨ ɡɛɿɥɶɲɟɧɧɹ ɱɢɫɥɚ ɫɤɿɧɱɟɧɨ-ɪɿɡɧɢɰɟɜɢɯ ɪɿɜɧɹɧɶ  ɚ ɡ 
ɿɧɲɨɝɨ  ɛɨɤɭ  ɩɪɢ  ɧɟɨɛɦɟɠɟɧɨɦɭ ɡɦɟɧɲɟɧɧɿ  ɤɪɨɤɭ  ɜɢɧɢɤɚɽ  ɫɢɬɭɚɰɿɹ   ɤɨɥɢ 
ɩɨɯɢɛɤɚ  ɨɤɪɭɝɥɟɧɧɹ  ɤɨɟɮɿɰɿɽɧɬɿɜ  ɜ  ɫɤɿɧɱɟɧɨ-ɪɿɡɧɢɰɟɜɢɯ  ɪɿɜɧɹɧɧɹɯ  ɩɟɪɟɜɢɳɭɽ 
ɩɨɯɢɛɤɭ ɞɢɫɤɪɟɬɢɡɚɰɿʀ   Ʉɨɠɧɟ  ɜɢɪɿɲɟɧɧɹ  ɡɿ  ɡɦɟɧɲɟɧɧɹɦ  ɤɪɨɤɭ  ɞɢɫɤɪɟɬɢɡɚɰɿʀ 
ɞɚɽ  ɛɿɥɶɲ  ɬɨɱɧɢɣ  ɪɟɡɭɥɶɬɚɬ   ɹɤɢɣ  ɦɨɧɨɬɨɧɧɨ  ɡɦɿɧɸɽɬɶɫɹ   ɧɚɛɥɢɠɚɸɱɢɫɶ  ɞɨ 
ɬɨɱɧɨɝɨ ɡɧɚɱɟɧɧɹ  

əɤɳɨ ɤɪɨɤ ɞɢɫɤɪɟɬɢɡɚɰɿʀ ɭɹɜɢɬɢ ɹɤ ɞɟɹɤɭ ɜɟɥɢɱɢɧɭ  ɞɨɜɠɢɧɭ   ɬɨ ɩɪɢ ɱɢɫɥɿ 
ɞɿɥɟɧɶ  ɳɨ ɩɪɹɦɭɽ ɞɨ ɧɟɫɤɿɧɱɟɧɧɨɫɬɿ  ɤɪɨɤ ɩɪɹɦɭɽ ɞɨ ɧɭɥɹ  ɍ ɛɚɝɚɬɶɨɯ ɪɨɛɨɬɚɯ 
ɰɹ  ɡɚɥɟɠɧɿɫɬɶ  ɩɪɟɞɫɬɚɜɥɹɽɬɶɫɹ  ɭ  ɜɢɝɥɹɞɿ  ɪɿɜɧɨɫɬɨɪɨɧɧɶɨʀ ɝɿɩɟɪɛɨɥɢ   ɨɫɿ  ɹɤɨʀ 
ɩɚɪɚɥɟɥɶɧɿ  ɤɨɨɪɞɢɧɚɬɧɢɦ  ɨɫɹɦ ɞɟɤɚɪɬɨɜɨʀ  ɫɢɫɬɟɦɢ  ɤɨɨɪɞɢɧɚɬ   ɪɢɫ        ɞɟ 
ɜɡɞɨɜɠ  ɨɫɿ  ɚɛɫɰɢɫ  ɜɿɞɤɥɚɞɚɽɬɶɫɹ  ɤɪɨɤ  ɞɢɫɤɪɟɬɢɡɚɰɿʀ   ɚ  ɜɡɞɨɜɠ  ɨɫɿ  ɨɪɞɢɧɚɬ  - 
ɪɟɡɭɥɶɬɚɬ ɜɢɪɿɲɟɧɧɹ ɡɚɞɚɱɿ  

Ʉɥɸɱɨɜɿ ɫɥɨɜɚ  ɩɨɯɢɛɤɚ  ɞɢɫɤɪɟɬɧɟ ɦɨɞɟɥɸɜɚɧɧɹ  ɝɿɩɟɪɛɨɥɚ  ɿɧɬɟɪɩɨɥɹɰɿɹ  
ɟɤɫɬɪɚɩɨɥɹɰɿɹ  ɤɪɨɤ ɞɢɫɤɪɟɬɢɡɚɰɿʀ  ɪɟɡɭɥɶɬɚɬ ɜɢɪɿɲɟɧɧɹ  ɩɚɪɚɦɟɬɪ  

 
Annotation 

Mostovenko Aleksandr, candidate of technical sciences of department of 
descriptive geometry and engineering graphics in Kyiv National University of 
Construction and Architecture. 

Evaluation of the error of discrete modeling by the method of hyperbolic 
interpolation. 

In discrete modeling problems, for example, when solving differential 
equations by the finite difference method, the accuracy of solving the problem 
depends on the sampling step [1]. With an increase in the step, the accuracy of studies 
decreases, and with a decrease, it increases. However, decreasing the step on the one 
hand leads to an increase in the number of finite difference equations, and on the 
other hand, with an unlimited decrease in the step, a situation arises when the 
rounding error of the coefficients in the finite difference equations exceeds the 
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sampling error. Each solution with a decrease in the sampling step gives a more 
accurate result, which monotonically changes, approaching the exact value. 

If the sampling step is represented as a certain quantity (length), then with the 
number of divisions tending to infinity, the step tends to zero. In many works, this 
dependence is represented as an equilateral hyperbole, whose axes are parallel to the 
coordinate axes of the decartesian coordinate system (Fig. 1), where the sampling 
step is plotted along the abscissa axis, and the result of solving the problem along the 
ordinate axis. 

An equilateral hyperbole is chosen in order to ensure a one-to-one 
correspondence between the points of the coordinate axes. 

Hyperbola has three free parameters: p, q, and c, which allows it to be drawn 
through three points that are the results of three solutions to the problem at different 
steps. 

The parameters p, q, and c are determined when solving a system of linear 
equations, if the coordinates of known points are alternately substituted into equation 
of hyperbolae. 

As a result of solving system, we determine the position of the asymptote, 
which is parallel to the axis Ox. 

The quantity q is the desired result of solving the problem with an infinitesimal 
sampling step. 

In fact, the described method is not a solution to the interpolation problem, 
since the search for the value of the function outside the interval between the given 
points, namely the ordinate of the infinitely distant point of the interpolant, is an 
extrapolation task. 

Keywords: error, discrete modeling, hyperbola, interpolation, extrapolation, 
sampling step, solution result, parameter. 
 
 
 
 
 
 
 
 
 
 
 
 
 


